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Ada TAN machine independent
HOL COTAK Chebyshev
SIN LOG Polynomial
Ccos MATH
A0STRAC T 'Coneiins an rOvensd sthie M -e op Mol mudy

n this investigation of the ability of Ads to support machine independert
software, a library package of the elementary mathematical functions (sin,
cos, en, etc.) vas implemented and tested on the Ada/ED Compiler Version
11.4. The Ada language constructs proved quite useful and effective in
creating the math function package. The progrems were written and

successfully syntax checked; however, flaws in this version of the [
compiler prevented a thorough debugging of these routines, {over)
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coafficiants ave cruputed (ot conpile tine) fram Chebyshov osries. Por
incvessed efficiency, the normally machine dependent operatioms (%i¢
picking®) sre tsolated tato subroutines that can be optimized for
individual installations and hardwere.

UPCLASSIFIDD

WLt ¢y DO ANGE OF Co” $ o0k T Daw Sraay;




In thys lavestigatian of Lae adiiity of A3 LO Subport sact.oe
independent software, 3 {10rars pacsage of 1he clepmnlar)y eatoemst ica)
fumsctions (s1s, €08, I, olc.) was ioplensated s toated on 100 AG’ED
Compiior Yersion 11.4. The M (0GP TR NuZts Proveld gulte usefy) ang
effoctive A croating 10e SR Fudciian pecuids 08 Pragradd obre wr)i1en
na successlully synias THECNOY. Murrer Flawd ia LALS Vorsion of (te compller
ProvenioN & TROrougR 2ehudging ©f LAene Piui i .

™e Foutioes INORSGIVES wie SORighad La S Wt Rectite ohd
AW Y GIORONN ; (AR (S IAS AEOUPAEY S0% 98 MPRrI Tiel o1 it f.Wm Lhe
WOOrS AIOGrUle NG MICHag® MG UASLe progral AGCericy julejmndatics el
oA INE 1 aing WMriakie OGN PO IVIBIALS Wes sl Tien » ate cumbylied
tat compiie Siee) frop Dietyatey series For erreessd ofYjc ency tie
AOMNALLY BNERIAD MPetdend LAl ake (YBIL: P dkinmg™) ore e etel b .

WArout ines Lt ®it be L IBIAN T iadividedi IMPLA] 1elione #hd twrJwupte

AN sppendia (Is 1 1109y pethale




I. INGrodMeli@B - -c-:r.vomnrranmnmanccaaccaanannnan
B .
4. Nange Redustion ----- . s
8. Chodyenev fparesimstion - - - --- .- o oenn
C. Ouner dpproniBations ------------c-caicacone
111, Aen Commigoratlong - -------- - - -no-onaaes
I. The AGuSine® - - -r--r-crmmenna e b anaan
A [streguetion - - - R TR
P lariadile Meweey - - - ccocces .
¢ Mestione of UFf 1520wy
“  Gver Congitions e Dui~of-Sange Alares
5. e funetiane -
s ane OB
@ e .
Y, M ;
¢ Alls
s Xoe
. &
| Y SN
8. MM ‘ .
9. S ase CONN
o e . .
rr AStee
¥ KoBe .
Yy, st

il towamanvdutione for Pwrtver Sty

Lier «f Nefertoncesr

Sgperndie &

--------

~~~~~~~~

........

--------

--------

........

~~~~~~~~

........

oy

~w !

iu
14
44
ER]

1
iy

»
rr




Tanie £ .01 . .
Tdle (¥ 4068 . .
Tavie V. A 238

Tasie IV 4. 2-¢
Tasie IV 2. 284
Tadie 1V 4 &4
Tasie (¥ Caf
‘abie ¥ Mef

fugure (¥ 8 64
Higre ¥ 0t
Migure ¢ 44

97 @ FLNe

1




| Istruguettm

The gl of UALS Frulest 3 15 oFilé & Mactd.de oMl a00Wrac)  hdapetaent

LiBFRry of cLemantery TN i A SIA. o, SN, stc L sk Al8s, all hewe
FONELABE AR il ¥ 3% PwaReS L b t. o To Sl a8 w1TL 2ol @ aun.l e
WPLAEOA LA e MALS LWdiades o Teil el Lo & PeMicae? BRGNS

e SRS Sl SAGHE SLOBANA) T il e Hes T G AteN. 14 BeotlNe
Lt WA LA RieReimb Lale As AW i led Lebifivedes Jagiel P iamriLy by
BELAN ARPLARL UG 12 NG Lavfluns 0¢ o7 seal s A FOILbek el S gL anld
e N lilsE 1Y SAS LRl Lee M qunpracy co Poamd o1 e saogery o Lhs
WALAS F @ oA N ool o Qpiilen. i f SHMANANE )Iwmiisigh 30 ts b
Wakiatie o ia Fupiogn) AR ¢ SIS Pyl ik o duml

Et Bt e 1S Bt L gie ote FLIDS el Gt Side 2eliy mR Faigs anhd
SRR MU ARSI swas TARA gl 1y o (RSB ey PRI a7 A SVl floesd
wriar e afTLapte o B aiDHORMN L G @S PEag; I ELeE . Lhs Ausi tal
WONPIYE  IBASENL A TS HUIE® »7 DRSPS 1l i ths amiise ke
SRR INSY 46 L IRDERL ¢ ARSI AN P8 et wEnP W ke Naie T e s
walffioants »f L4e geumte of TN MRS e R b Hte wpeimie b Ghe
NVNEP bt el  Tiden RS NSRS Jn TSN 0T & ARG G:y INme gp e (e
WS f RS LIS, GRENE NS WEe IR Latl (1o gt MoV g ubeey
Fof SRS MBI 0% TS YENE 4 THE o aee e e i ke ool s 48
RS GOMBE MNELEN BT LA GaRTS GHE e N8 LRUSLMIIE eee BHE T 8. ad Ghis
e TAS Futeh i i P ol Wt T Ml S SroB s e Ghe ngither and
SRS of e afPLaCante oF TS feRE S e $H Ty TN

Me sBTeY oF WS T GO TN UNENS SRy Tyttt s gr o541
P IR ERPN) ORI §9 T SR B UV CEDPUE SN T e gy

10 2euptalie. RS MRIEL W0 QNS OMIRTA O D) gl mampta i e Tar e




TREDYSNEYS MFIUGR Powkr ISFLES IPEISAlNaALI S, 1918 wil]l eess faper terms 12

KNG Dwks IBFLES . SLACE i Mel) Tei. TuleElS Ve SHOWE 41 Complle Lide,
Ol SeAsPi 5, LU L3 pUAIIALE (& AN 1. MACMRIGE GORS THE SaMber Y
TREBYSNEY TafMie it Bm ApL.md of Nte oom?Y L lenis 81 188 Power Marie: atl (st
pulLat

fa AR 1ate Sf AR SHIREAS a.. Sigeets Fool el , few i tae fulcllone,
QALINNBL AL SRRP 4Tt L oo WS AR D 2762 WMedjild A8 Tuhd ook olc &alie
seLfiisl) WA, LAGSPURL, eble . stwml a1t o oo of TS 4Rl o Mmabi
Lo Sunerelly Ravs By Vit picpingg oo of 10s w IRt & Pracesd el aas..s
FoAS L3 qamb -4 +F PasAiAE uels  Ph-Le SALE o BB Buls [k & Baot W
CABHERIN S BeARe® LA MRe. .1 Lo pueti caetls It 34 ek We Bolis &7 . ek .y
BRLe g e S8 L. Bet o2 A uuls Tl EIF . SOFY eud 1A Tanctone ek
N G AN E ettt s HIBRSIHAMRA . gus o} Tete ARl aheept L) Ruuge
A vAB ) BB L ABE o Mg of SAPSE CARAS N L Ge, e Heedeld T § Lises
FUE L RS S Wil SWE VS el SRTL s e

Eih SR AnB L AIe Nhi s ot RS A HINe B Th e Ao et 5 il gk g
PRl e S LA Latml LA SBPIHRRE Pl gt SRk B L We B auglh i
AURBRASE La @ SIS GRS  ROENEIIRE sl . R WG, 2 S B et el
ABPRAh S LY Nk kP YA MIUmES Ve T Tl gty

e PAReh s il g MBI NS ok MIRRREE B VMBI dhitt L LS ¢ gthars ¢ !
WAL il QB BN MM Aol st S e FENOEE OF he Bt R,
Y 3 et d MR Dt L e N Bt e e HHBER el M b o e

PN St P L A T S T L e S - A St NP G s e e

~t¥

-1

Dngry
WS R O CURNHTON NG S A FEE T GNP T S e "D eme

AP Fhret N SRS § MM of it MBI Tty T i dhert MU e




for the eoleneniary saln et lans; dwrieg (ae i3te M1 asd aarly s3xtr1e8
15 ROLO 3 RIS POSLIIOR 18 LMGSE eFery ZaMPAing ceatar litrary. 45 denand
For Groaler AEWraIt) \ICTGASE, IMProwE APProIiNetii ans GRS (5 IRpSr 108
She Litemture ASti ia VI “Sparosteatians for Pugital (ompdters® ) sert,
o i POrIsden SIS &% A SLIAAMD rofarinie M™is maumantael wore
PPOUGNE TAEREASY IAG Nunl TedmAldusd TARE JMALietis WM SpPlield laties of
soeffisiants Far SOVEre, AWt 2 ITaremt ¢Praiimptians T wone dobw
NEPS Lohe PERGLLE GR IRS et of et AN CORPIR) &8 TAe Bay Telerwnoss
AL ERES: SWuSNEs TALS MpRARINEY 16 MAIKIY ob PRIIABAIRY M eppruscr &3 of
e WEaat ((Retysaew) wafTisionds Wmk (o TAmie DPRETERS Wrs calicuisied
SOPAF WLy Af Aat Sqten Emap Nt i S ot Bde MNERNARTY B) 1AW Tact T
e trn of Ine Beffisiends 4 AT, &0 ASITRc; s of Ve biunt anries
FOLNNABE LS. O ARE The FUD Al A ; 1A Farg Aneinl heie b 0
seeftic.ondn of NG Nebyanes S es W 430 Aer iy ¢i7 of ke apphokis
T UNG NOSE WS SREWVRLINE Tr VS B TAS it Tamp Eemk i Kt o ceuld
RPN S GV B TNG SuPTeeinEAg e o Bime GIVeR Thers., ehd hess ere
siiod dhere SAeN 00 sieeted e et we

NP Al SR G5 ¢ P Wellae +f QEPHOKIBEL; g T Lim vty ae
SLOBUNEArY AUl it b The Mie- Pl o Hey 780N dimre F end § ot P
AMEBIALS e WURGEIING E e Il SRS Gk S5 Sphel SRl of e asks Tore Dt
WEBA UNG SBOUP RGN S E) o+ Tz TARY ie. OB ERY N SIS SINEIS 1 PN ale
MPPOLRINY S, Wt YRS dgtie oF b deiPibist @ TS GIHE BEVRY . ugEINg
fur BREe  FEsel. B i AR o SFF s YA 1A B§ Qo S ohe g
SOt ant iy etter ‘¥ o . et Cor Ve auhe g ase’ gt tAB nodte.
ARG SHAPIC JOLNEIEEST WA DIe SERE il of LALeE ST Pt
L. el SR o VIR Wt of VIR SUVEEe ot ElE ol . o r bow Saed e

S 9 e Frontig mint SiVIB SEvather “eigtive s D Wit il




operatim. Is 1308 1t was assMeed Lhal Ui ArGWAre 3peed Fatio for
Malbiply/ Iividw w3 a00ut 12/0y.  Today thid ratlc 19 mare typically 17 o
P/ wlES multiply ALAIAL I8 SR8l relillve 10 17108 A5 AOwer Wodels alpear.
In faul wme of "Am arfief Frwicass Seic bl 1,4138 ol all.  UnSer Utwxae
ILERUMRE ntut L Suams ALgEly Jestliomatlie a8 15 emeimer Pl {a) appeou; -
BAMLMS e SLGALILmEL) Toslar Lags 54 Similer sifglée polpnamial .

SRR FuadoRe Tof SESRELELLAE 1o B LG, 9 MO uANIA. 38 THSL 1t 13 1 hes
MUCR Sl - Eo FiAd A Ames LM DL puoMid. TOr 3 4IVEE @OT Rk -+ 1fis
RSOV INBY WEFHALBM LIRS B IALS T MR T8 Lulber of CORIILEELS THet teed ¢
Be elermd (s SAGN felefively ARl
b8 tamge mbusim

Mere oFe Nety witi® 1a AUFuRse LAS ofV: ciamts 34 GRPPOIIRBIZ g & 7 -
Blsh M1 sAm of TAS Gers Mulel . of Thmes 39 (.o IGPyuos 14w Fetgs caer b
RS RN P RN | R e e Lk Dem o et A e BN @ Je oI i3ty 902, Y
SRsoratie wht SVABEESY SRR e e §aifte ofTari: ve  Tpan T seam-c ‘te
PGPt s PRGN LS AR oAE 1hiAB Py A ST e R eINy e b ot
ABHES Bhe SeRgs +Ff TS et oRiind Lol Te TAS jiAmfwed ‘e YWl e camr. e
Bhe L ASePweL %o T B 1 siawe

LT AN 3 ¥ Y Y L T R

Wl b+ asie. B xR
W Rrmlil e a0 PERs TS dangs e L B 1) S smiet i gne

Vet @t B o

wai e oz oW 2 L wep)
VoRS SARE AE e el Ui AR NSRS S i AN Tt ettt o o
"RARY TAB Si4e B4 CEIWEEE PO AR Suei N I REIIL YO ARD TS Ranine Tear
BRE SN MEPITIR R § P ler codant e te the JAlevwe] { te B4 cgn e

WRATOVET Ny At e of CIIBNPY . Nk s AW SYRINLSY P8 MPUST Y Skg el




by the use of even or odd polynomials, i.e.,
sin(x) = t"(lz)

cos(xn} = I’c(xz)

where !' and P,._ are the sine and cosine polynomial approximatians.

Tavle [1.A-! gives the ranges over which the various functions are
approximated by polynomials. The varioys range reductions relations used are
listes {n the program. ‘“ce Appendia ALY

[n 30ing range reduction for the functjons EXP, LN and SQRT, it is assumed
LNAL ths omputer NArdware n ude 13 basically oinary.(Tuis iy consistent with
Bota tas Sroposed [LEX standards ang MCF or Nebula specifications., For each
af thae Foactione LS wngd 3JAT the argument .8 sepirated into a characteristic
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TABLE 1I.A-1

Ranges over which polynomjial approximations are used

for the various functions.

Punction Interval
SIN t W,
Ccos /4
TAN t /8
ATAN (V2 1)
ASIN %0.375
(40 g 0, 0.5
N 0.5, 1.0
SQRT 0.5, 1.0
Sink 1.0
COSH 3.9
TASH 20.5
AS {w 20.375
AT amv 20.2%
4508 polynomial not used
ACOSHN polynomial not used

M—-————- .



taken. The operations dealing with the powers of 2 are assumed to be ve:ry

fast; they will be machine dependent and should be tailored specifically for
each machine.

The hyperbolic functions and their inverses are approximated by poly-
nomials in a narrow region around the origin and outside this region are
computed from their relationship to EXP, LN and SQRT.

The inverse functions arccos(x) and invcosh(x) have an anomalous
behavior in the neighborhood of x = i; they cannot be approximated by a poly-

nomial in x near x = 1. Instead we have

arccos(x)-‘*—'VZy + y2/3 + My3/'45 + ...

where y = 1-x, and

inveosh(x) *=\[2y - y2/3 + y3/N5 - ...
where y = x-1,

The first two terms are used to approximate the functions,and the third
term is used to control the range over whicﬁ the approximation is used in such
a way as to maintain the error tolerance. OQutside this range the arccos ne is
computed from the arcsine; the invcosh is computed from LN and SQRT.

For the arcsine, an odd power series is used in the region about the
origin: outside this region the arcsine is computed from its relation to
arctangent and SQRT function, i.e.,

arcsine(x) = arctan(x/ V1-x2 ).

II. B. Chebyshev Approximations

The advantage of the Chebyshev polynomials is that they are the poly-
nomials having the largest number of maxima and minima on the given interval
and for which all maxima and minima are equal in magnitude. Thus, if the
lowest order term neglected can be considered the error function, it can be

seen that the error is more or less uniformly distributed over the interval,




and can be shown to have the smallest maximum error of any polynomial approxi-

mation of the same order.

Since accuracy requirements are known at compile time, it is possible in
Ada to determine both the number of Chebyshev terms and the values of the
coefficients to the power series at that point.

Example: sin(wx).

This function can be mapped onto the interval ~1sx<+1. The function can

then be well approximated in this range by the n-term Chebyshev series

sin(rx) = E Bk'rk(x) ~12x<+1

1<k<n

where the Bs can be calculated from

.2
Bk'n

1
f Tk(x) :ain(wx)clx/th2 .

-1
(Only the odd numbered Bs will be nonzera.)

Each Tk(x) is a polynomial of order k

i J
T (x) = Z Cyx-

o<jsk

The Cs are well known and calculated exactly.




The n-term power series approximation for the sine then 1is

sin{xx) = Z Z BkckaJ

1=k<n o<j<k

Z AJx:j

o<sj<n

"

where

A= Z By Cyy -

jsk=<n

We see that adding more Chebyshev terms, say to improve the accuracy, changes
all the A coefficients of the power series. Similar considerations apply to

approximations for the other functions.

II.C. Other Approximations

In addition to Chebyshev derived polynomials, two other approximations
commonly used are Pade' like approximations and continued fraction. The
Pade like method consists of approximating as a function a ratio of two
polynomials P(x)/Q(x); it can be converted to an equivalent continue fraction
and vice versa. While these methods can sometimes be superior to a simple
linear Chebyshev polynomial approximation in the sense that the same or better
accuracy can be obtained with fewer computer operations, they all suffer the
same drawbacks from the point of view of trying to write machine and accuracy
independent programs. This is that for optimum conditions, all coefficients
or constants in the method will change if the accuracy is changed. The Pade'
and continued fraction methods suffer other problems.

First, it is much more difficult to find the optimum set of coefficients

for a given accuracy, while this is relatively easy to do for the Chebyshev

series. The Chebyshev series requires storing only a single set of constants




(10) for each function while for the P(x)/Q(x) method, an entire set of
constants would be needed for each accuracy interval.

A second reason for not going with the ratio of polynomials is that
it requires a division operation and the trend for hardware today is toward a
relatively slow divide operation relative to addition and multiply. Present
day hardware suggests we should avoid divisions where practical. (See IV.A.2
for a further discussion of this point.)

In summary, the Chebyshev method was chosen over the P(x)/Q(x), the
ratio of two polynomials, because

1) Variable accuracy methods are relatively easier to obtain;

2) Fewer stored constants are required;

3) A division operation is eliminated (or traded for some number

of multiplications and additions).

III. Ada Considerations

The principal Ada techniques expected to be most useful in developing
machine and accuracy independent functions are the package and generic con-
cepts. The main idea is that the functions will be embedded in a package with
a generic parameter, call it REAL, describing the type (number of digits; to
be used in the floating point arithmetic. The type REAL or its number of
digits is then specified by the user in his main program. Then at the time the
package and user program are integrated, the package is instantiated with the
appropriate number of digits for REAL.

There are a number of program features that depend on the number of
digits in REAL (called in Ada REAL'DIGITS).

First, the number of terms in the Chebyshev series and so the power
series is determined by requiring that the Chebyshev terms not used are all

smaller than 10%%(-REAL'DIGITS). Next, this determines the size of the arrays

that hold the power series polynomial coefficients. Then, in some cases

10




m

(ACOS, ACOSH, and TANH) the range in which a particular approzimation 1s used
will be determined by the number of digits in REAL; the computation of ULhese
ranges is carried out in the initlalization dlock of the fuaction packape.

Certain assumptions concerning the compuler arithesetic have been aade in
writing these packages. Y¥e bDelieve these assumplions are, in general, conaie~
tent with the Ada view, the IEEE standards, and the MCF or Nebula choice of
floating point arithmetic. These assumplions are as follow:

1. Thare i3 a saximum floating point nusber (called in Ada
FLOAT'LARGE) .

2. ~FLOAT'LARGE exists and is the sost negative floating point
nusber.

3. Every floating point nuaber tncluding FLOAT'SMALL, but
exocepting zerc, has a reciprocal; the reciprocal of
ZPLOAT'LARGE may De zero, but need not be.

L B Any positive number can de subtracted from FLOAT'LARGE ir3 any
positive number can de added to -FLOAT'LARGE without causing
an exception alars.

5. FLOAT'LARGE can be divided by any number greater than or equal
in sagnitude to 1.0 or muitiplied by any number less than or
equal in magnitude to 1.0 without causing an exoception.

6. Any two floating point numbers (including LFLOAT'LARGE, can be
compared without causing an overflow or exception.

1IV. Routines

IV.A. Introduction

IV.A.1. Variable Accuracy

One of the prime goals of this effort was to construct these subroutines

R
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anticipated Ads applications In EDEGded systems; emtennion toe highe’ aicv-
recy would be strajghtforward. Table IV.A.1-l gives & tedle of Lhe a- .3,
versus the number of terus needed far eech function. There 18, of crarse, Tot
each function a certalin amount Of computation necessary to reduce tt« 3 ¢ oo
renge to within the range of the po.ynosial. dut that is not refiecte . L .5
tadle. (Also not reflected in Table IV.A '-1 19 the fact that certa:i+
functions call other functions for same ranges of their wlves rather than
wsing a polynomiael.) Table IV_A.'-11 lists those functions that cal: others

and in what ranges.
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There is one exception to the above description of how the error is
controlled and that is for the SQRT function. In the square root function a
single Newton-Raphson or Heron's iteration is performed; i.e.,

x = (y/x +» x)/2
where x = 5 . This operation squares the relative error when the error is
small. For SQRT it is only the first approximation that is obtained from the
Chedbyshev polynomials, the final value is obtained from the above iteration.
Thus the accuracy of the power series need be only as good as the square root

of the relative error tolerance; i{.e., if the relative error tolerance is 10'5,

the polynoaial need only be as accurate as 10'2'5 - 3.16'5

<5

-~ the Heron
iteration will improve this back to 10
The Chebyshev approximations norsally give absolute not relative error
limits. Wwhen dealing with floating point arithmetic it is relative error that
onhe wishes to saintain more or less uniform over some internal. For the even
functions this is not a problesm since in the interval of approximation the
functions do not change greatly and so the relative error ‘s very nearly equal
to the adsclute error (the functions being approximately 1 at the origin). To
saintain the relative error sore or less constant for the odd functions, say
f(2), we use a Chedbvshev approximation to f(x)/x. This gives nearly uniform
relative error for f(x) on the interval around x = 0,and again the absolute
error i» approximately equal to the relative since for these odd functions
1ia (x=2)f{n)/x =+ V. So for example, the Chebyahev coefficients for the SIN
function are actually those for sin{(x)/x, and those for TAN are in fact for

tan(z)/x, etc., for all the odd functions.
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IV.A. 4. Error Conditions and Out of Range Alarms

In nearly all computer arithmetic systems there is a limit to the size of
a floating point number; there is also a smallest-in-magnitude nonzero number.
These numbers are machine dependent but referable in Ada as F'LARGE and
F'SMALL, where F refers to the (flcating point) type. Because of these limits
there are certain functions such as EXP, SINH, COSH, etc. for which only a
relatively restricted range of inputs are valid. Thus for example, if we
refer to our floating point type as REAL, input values to the EXP function
greater than 1n(REAL'LARGE) cannot be computed since they would result in
values greater than REAL'LARGE. There are other functions such as LN and SQRT
that havc invalid ranges because the result would not be in the real number
system (but would be complex). For example, numbers less than or equal to
zero are nvalid inputs for LN; X <0 is invalid for SQRT(X).

The problem of what to do about invalid inputs is complicated by the fact
that all computer arithmetic with floating point numbers involves rcuniing;
floating point arithmetic is seldom exact. When rounding takes place in the
neighborhood of the boundary between the valid and invalid region of the
function, it is difficult to decide what is the best action to take. Thus for

example, if one wants to evaluate:

SQRT(A + B + C - SIN(D))

and the exact value of A+B+C-SIN(D) is 0 but due to rounding (or truncation in
SIN) the computer results turns out to be -1.0 E-9, what is the proper action?
How should the SQRT subroutine respond to small negative inputs, and what is
small? One action would be to trip a numeric exception alarm and let (force)

the user handle the problem. Some systems halt the computation at this point.
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Another solution is to assume that there is a small negative region such that

input from that region ought really be treated as input of zero and not trip
the exception alarm for these inputs, simply return zero; however it is
difficult to determine how large or small this boundary interval should be.
The solution to the problem of the invalid input here is different yet
from those mentioned above. We take the point of view that there should be no
truly invalid input region and redefine our functions s0 all inputs are
legitimate and will return some value and no exceptions are ever raised. For

example, SQRT is defined so that

SQRT(X) =dVX X20,

0 X< 0

The square root function given here always returns a value, with no exception
raised for input values from -REAL'LARGE to REAL'LARGE. Thus, small rounding
errors in the vicinity of zero will cause no difficulties; however, it is the
users responsibility to trap any input values to SQRT that the user feels
ought to be considered illegitimate. Table IV.A.4-1 gives the extended
definition of the elementary functions showing how the usually considered
invalid regions are treated. As an example, Figure IV.A.4-I shows how the
arcsine function is extended beyond the normal input range of *.0.

As mentioned above the main virtue of extending the definitions of the
functions into their normally invalid regions is to avoid extraneous error
signals when the argument drifts into the invalid region by a small amount of
rounding or truncation error. This solution may not be the best resolution to
the problem nor the solution desired by a particular user. It does however

have the virtue of allowing the user to determine what he would like to see as
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Table IV.A.4.I

A list of the functions and the way in which their inputs were extended to

the normaly invalid regions, together with the ouput values in these regions.

SIN(x) = sin(x) all x
C0S(x) = cos(x) all x
TAN(x) = tan(x) all x
(returns * REAL'LARGE
for x = * %2, *3%/2, 35872 ...)
ASIN(x) = [arcsin (x) X} < 1.0
+ "2 x > 1.0
[ - ® /2 X <=1.0
ACOS(x) ={arcos(x) Ix} < 1.0
0 x > 1.0
[ -7 X <-1.0
ATAN(x) = arctan(x) all x
EXP(x) = Ie" Ix} < 1n (REAL'LARGE)
0 x < <1ln (REAL'LARGE)
| REAL'LARGE x > 1n (REAL'LARGE)
o) = {1nto x> 0
-REAL'LARGE x <0
SQRT(x) = ¢{ VX x>0
0 x <0
SINH(x) = { sinh(x) ix} < 1n(REAL'LARGE)
REAL'LARGE/2 x >1n(REAL'LARGE)

~REAL'LARGE/2 x < -1n (REAL'LARGE)

25
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Table IV.A. 0N}

frynt ")

TANH(x) = tanh(x) all x
ASINH(x) = invsinh(x) all x
ACOSH(x) = {mvcash(x) x >1.0
L\') x<1.0
ATANH(x) t(invunh(x) m< 1.0
REAL'LARGE x» 1.0
| ~REAL ‘LARGE X € ~1,0
26
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the valid regions and allows {(requires) him L0 set hie own error traps for
WhAL that user conzlders illeglitimate inputly.
Iv.B. Y 31N ang O3

Input Value Range: -NEAL'LARGE vo MNEAL'LARGE (:n radians)

Dutput Value Range: 1.0 %0 «}.0

Tne argument, x, s first mapped onlo Lthe interval -3 ®#/72 10 § ®/2,
I x ¢« %/8 the sine Oor cosine polynomial s caomputed {or lhe respective
function; 1f 1x;, s greater than ¥/8, SIN calls the cOsine polynom:a) and (OR
calls the sine polynomial with the appropriate sign and phase adjusitment.

Tnere are no invalld lnput o output ranges for SIN and COS. However
because of truncation and/or rounding errors 1t is possibdie for resultls to be
returned wnich are slightly larger in sagnitude than 1.0
Iv.8.2. Tan

input Value Range: -REAL'LARGE to REAL'LARGE (in radians)

Output Range: ~-REAL'LARGE to REAL'LARGE

™he arguaent. x, i3 first mapped onto the interval -5%/8 to S%/8. Ifix|
then is less than ¥/8 the tangent polynoamial is called; if ix( i3 in the
range #/8 to /8 the tangent polynomial for |xX] - ®/% is computed (as Q) #
and TAN is evaluated as (Q+1)/(1-Q}, with appropriate n;n’. If txt >3 »/8, |

TAN is computed from the reciprocal of the tangent polynomial with appropriste

sign and phase adjustaent.
The only invalid input arguments are Ix) s m%/2, msl, 3, 5, ete. For
these angles the value 2 REAL’LARGE {« returned. No error halt or exceptions

are generated.

+ This i{s an application of the relation : !
tan x = (tan(x-b) + tan b)/(1 - tan(x-b))
with b = 1 #/4
27
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[¥.9.3. ATAN

Inpit ¥alue Rangs: BEAL'LARGE (o> BESL“LANGE

Tutput Bange: - /2 16 B/0 'is redless:

I€ 'ne arfument, s, 16 ta "Ae rang® 181 % .7 o V1.0, (e arclen
POLymomial APPFOALMAtLN 16 ahed, Lf 181 - ! o3 2 1 (. e gr Ctatgent
POLYRIMLAL 19 watd wilh 1'% o oFrgMenil wiih sPhropr els algt o3 fhizne
AJusEent. [n the LALermedlale rengs, et 38 T . ' G qate ALY . 0 0)
the arctaen polynanial 10 weed WIth argument (a3 = 1 O)7inein 1 U, and
appropriate phase and sige #4)wetaent

There (9 no invalld Ingut range.

V.58, ASIN
Vaiit (ngu” Valwe Jange: =% 0 teo ' O

Datp .t Narge: - B0 %6 #.2 iin rgfians

€ "re argmen®, +. i9 In the region 181 £ O I then the srcaine
polynolia. approaisation (9 2900, T ¢ .les owislide Lhis region ‘Her the

relation:
_T
erisine w ¢ orctom:‘v 1. ¢ a0 )

is used. Thus “he arcsine routine uses tmih the srotan snd the square ~ort
rrul i ne

1f *nhe input IS8 cuiside the vaiid region, that i outside ~1.0 ¢t~ .0,
the value -2 i3 returned depending on the sign of the srgument. WNote no

error hal® nor erxception {s generated for input values ocutside the valid

region -' .0 to 1.0 {see Sect.ion IV.A.4 above).
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IV.B.13 ATANM
Valia Input Value Range: -1.0 to 1.0

Jutput range: <REAL'LARGE to REAL'LARGE

f tne argument, x, S !r tne :nterval -0.25 to 0.25 a polynomial
approximaiion 138 used Tor ATAKH. In the interval 0.25 < (x| < 1.0 the relation
Wl e a0 Ve%00/2 18 uaed,

For the (nva.ld laput reglon IX1 - 1.0, the value 2 REAL'LARGE .5 returned

angd no error nalt of exception (3 raised; thls point is discussed in Section

(¢.C. Nerification of tne Funcr:on Package

Anort of proving Lhat each Tungtion given here 1s correct, the dbest that
can Se Jone L3 Lo Meck the orrectineass o7 the value computed for & large
number of arguments for ecach funclion. 3ince at this point we have nc way of
obtatning check 7alues internaliy in Ads, it appears that to chetk them, we
fusl write them oul and verify each value by hand or by another computer
program in a different .anguage such as FORTRAN.

There 12, however, another good method of verifying the correctness of a
large number Oof values af a Tunction and that is by checking certain addition
theorems {or Shese functions. For exatple the sine and cosine should obey the
relation sm;x > :oazx t ' for ali x. This, however, i3 not a very good check
since the relative error of the smaller of these could be very large but not
be observed. A belter -heck are the “triple relations®. For example

sin 3x = 3 sin x - & sin’x
nan bde used to verify the sine functimn. The triple relations have the

advantage of requiring just one of the functions at a time and allows it to be
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checked against itself. Table IV.C~I gives a set of triple relations for the

functions considered here. A very good verification procedure would be to
check the triple relation of each function for several thousand (random)

points uniformly distributed over a range that would ensure the exercising of
all branches of the function code. Let us emphasize again that this has not
been done yet due to lack of time and not having a suitable Ada compiler. Only
the exponential function has been executed and partially verified; Figures

V.B-I and II give triple relation error curves of EXP for a limited sample of

arguments.
V. Critique

V.A. What Went Wrong

The most serious difficulty encountered by this project was the lack of
an adequate Ada compiler. In fact not until 30 days before the final
termination date of the project (60 days after the original termination Jate,
a three month no cost extension was requested and granted), did we obtain the
Ada/ED compiler. Adas/ED (Version 11.4) was obtained through NTIS and is
constidered a preliminary unvalidated version intended for education and
experimental use only. And while it was extremely complete, it did have a
variety of bugs or errors; those we uncovered are listed in Table V.A-I.
These er-.ors, while not serious once they were understood, contributed
significantly to our confusion. We were, in fact, learning about Ada and the
Jifficuities of untangling our mistakes and misapprehensions about Ada from
. rors ir Version 11.4 proved a real strain and lead to the consumption of
vast amounts of computer time. (Ada/ED is an experimental version and not

y
4. -igned for production use -- it is very slow -- by a factor of about 10 to
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The

sin 3x
cos 3x

tan 3x

e3x = (e¥)

1n 3x =
V3K =

sinh 3x
cosh 3x
tanh 3x

3 sin

"Triple Relations" for Verifying the Accuracy of the Elementary Functions.

Table IV.C-I

3

3 sin x - 8 sin”x

3

-3 cos x + U4 cos”x

(3 tan x - tan3x)/(1 -3 tan2x)

3

In 3 + 1n x or 1n x3 =3 1In x

V3vx

3 sinh x + 4 sinh’x

w w (V3 w w
Q@
b
3
=3
}
-t
>

or \/;§ = (VX )3

3
3

«3 cosh x + 4 cosh”x

(3 tanh x + tanh

1

3x)/(1 + 3 tanhzx)

sin” (3x - Mx3)

cos™ 1(=3x + Ux3)

tan

((3x - x3)/(1=3 x2))

sinh-1(3x + Mx3)

cosh-1(-3x + Ux

tanh~

1

3

((3x + x3)7(1 + 3%2))
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Table V.A-I

A list of known flaws (as of 10/26/81) in the Ada/ED Compiler Version 11.4

Compile Time:

1. Generic and actual parameters may not have the same name.
2. LONG FLOAT not implemented.

3. Won't handle exponentiation of a universal constant.

Run Time:

1. Won't multiply by a floating point number if its value is 0.0.
2. INTEGER truncates instead of rounds (sometimes?).

3. Universal constants as parameters of functions or procedures cause a

RUN time error halt, not a compile time error.
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105 (in execution) over what will be required in a production mode.)
The net result of not obtaining a compiler until so late in the program

and then to have it be somewhat flawed has been that the functions and

packages here are not very well debugged. In fact we will have to include the
disclaimer that "this package of functions is an unvalidated early version and
is intended for experimental use only". We would like to be able to claim at
this point that each of the functions has been thoroughly debugged and can be
certified correct; but this is not at all the case. The best we can claim is
that they have been syntax checked; except for the EXP function, none of the
functions given here have been executed. Preliminary debugging of the EXP
function has been accomplished and error curves obtained showing that EXP does
meet the error tolerances requested. however, even here more checking should
be done before it is released for incorporation into a "live" system.

V.B. What Went Right

The main bright note of this project is that most of the ideas about how
to use Ada to build library packages seem to have checked out. To sumarize
these briefly:

1) Packages; the packaging feature of Ada works nicely and is just what
is needed for writing library subroutines.

2) Generics; also work well and provide a mechanism for constructing
variable accuracy routines where the error tolerance is effectively supplied
by the user at the time the package is integrated into his total program.

This has been demonstrated explicitly for the EXP function where the error
curves show how the accuracy depends on the users specification of the number

of digits in his REAL type variables; see Figures V.B~I and 1I.
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3) Overloading; this was a useful and convenient device but was not
really crucial to setting up the library routines. The main advantage of
overloading was that it allowed mixed mode arithmetic (most of the arithmetic
operators were overloaded for various combinations of INTEGER, REAL, FLOAT
and LONG_FLOAT).

4) Function and procedures; these constructs also worked well and of
course were indispensable in setting up an elementary math function library.

5) Dynamic Arrays; worked well and were especially useful for library
routines in allocating exactly the needed storage (for the polynomial
coefficients for example).

6) Isolation of machine dependent operation; most of the operations
expected to be machine dependent were isolated into small, short functions.
These are mainly the bit-picking operations and are to be tailored by each
installation to their particular hardware. By using the pragma INLINE, these
operations can be made run time efficient. However, since the INLINE pragma
is not implemented in the Ada/ED version 11.4, it was not possible to
demonstrate explicitly here that this works well. We were able to demonstrate
that this is not a difficult or unnatural way to proceed.

As mentioned earlier we were able to demonstrate that the elementary
function package i1s syntactically correct and have been able to execute a
reduced package containing just the EXP function. Figures V.B-I and II show
error curves for the EXP function. (These error curves were generated by

3

comparing e X with (ex)3 for 50 values of x. Note

that A = ejx/(ex)3 - 1 can be up to four times the error tolerance since
cubing e* 4ill triple the relative error and the error in e3X can be in the
opposite direction.) It would be desirable to run several more such curves at

different (higher) accuracy requests before certifying the correctness of the EXP
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Figure V.B-1
An error curve for the EXP function.

ol X. REAL'OIGITS = 3 here giving en error

The measure of the relative error, & = EXP(3X)/EXP(X)oe} - ],

is plotted here
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function; and of course simllar Lesls sust B& run o Lhe restl of the J.brary
functions before they can be .3ed wilh any coafllidence.

¥V.C. Unresolved Prodlems

There (a3 one malor unsolved proflem ANSULCIALSd wilth the DRrlicu.ar
mothod of constructing funct.on pacdages as giver nere. TR has L& &¢ wiln
MOMOry 3DACE and "Me fact Lhatl A3a d0es fol BEER tu feve AINYLNIAg AIBI.Ar Lo
the OVERLAY feature of FORTRAN. [n selt.sgd 40 "5¢ elamentlary functlions 314,
COS, EXP, etc., a st of "nedyntwd conpiants 3rée mMreduied far each Yanct onm,
these ire used to Talzslate "tw coefficlonts of e Lower sefliér o [, yhuild)
approxization. These rew AR 4%% feod %o te rela ned Yr Lte remelnier of
the execution of Lhe Hrogram, Byt 1he ‘relsiter ~onAtAnlS feel ot e
retained; tNe 3pace 3..2€a%93 Lo “he (lebtyyter cefficients 5y, e
adandoned or reused for somelhing e.fe, ogept %3t &2 %ap H° Mechar a2 Ter
Joing thia. Alsc Lhere are program ae@hen's "%a% arfe neelel ofi iy 3t
initialization Li%e. these oo 04.? D@ abaniited onge (mLtiaLiiatl.o “as
been coapleted and the 3pace reusesd, dut againh ihHete (8 ne gechanist ot doing
thatis.

In a2 paging =nvironment on 3 .arge corpile” =uch ag ‘he VAY, “ti3 .3 ~¢
prodles -- segments Lhatl are no .ahger heeded are sveri,al.gy ti..e, “ Wt 30g
never brought back intc main memory aga.n. For (% artlicipated i¢a
applications however, say for exezutiag an &da progran o a Dicrigrocesscer
with only 4K bytes, space is 2rucia. and {* (2 (Ajerat.ve (%3l ~c | Lr@e”
needed data or program areas in mewory te re ;zab.e. We 4 n°L Mrow ye! N Lo
Ada to reuse either data or prograa memcry area = . ger heejel, ;- .sss ihe

system has same xind of automatic paging a~rangenent.

PR




il M al%3 amul . nil a3l D

T L el fE2..% LT AL €T 2% dhe fRal 18e Ll Blrg ! Jltrary

CMpopet s L e Ll 3 agerted 1y fta a3t L. 883 (3Lt LD sat a2 (3 sefEd,

R

FEICECS AU el P T 3 3.8 aet_mllte mowsre!t, Ttc ;tedett tisils
ALY e m€F s o3 3. f ol TLae TR <fislr ade-ls o f Sas sttt sl e
"e skl Lt ee3E, P moe.? .iet T st e 1831 tte Ractite st sccarecy
Lhdepeilent et jees L3el Mete prols e cociertat) aait Tgactoob radtiites
Phat Fur 3 @FF. c emf .y 33 3l 4* flen aRteNtly [ atg . age Powtotes YR Y
MR . 3RS AL Ne Bads 3t Thie .te 3N wln. dspehd meteltilie,y o the
R LMLt on offert isetnce LT "Re 2Tt L P Jeelity &Qa comfi.et FEY YT RE ¥}
Ml "he optimiistion proredites 1o te el ate tearokst ) eflectove, e
FaniiLg -F Mrnime 3md 3 racy phimpen et o A tep Qopct i tiwd tete ot 4,0 be

32 ofFL on® a3z camd o del ageemd.; atgurge ol tee

PR




sl R MRl at L S T fLp e S u

»

Prgfe 30t Seie 3. 13343 “hat weel jet 1. le ool .etel tefwe 8 Yoo,
JamaBie Aha LiSfary 7 slelentasf) T cdtlops car e 2oalrlilt Ael T gelstal wwe
L oa gl ® L o en L T UrRen t

- Pre w43t g TLltlied Lt Tk . sadr ;remtiel tiorte el 10 Le teattet
Paof gLy eeme i laemd aul g TRl ear el Lohe Yelte e mate ¥ the
peaii®y OF "Ae Al ofipiled sszLlat_e and lecasye of tlis JlASUsl. ok

A e gasaged sere el fo e comgi.ed wtt s Mrodaciliot gualiity &de
SO el At A el el ting A tide oo I8 chafited ahd compared 1o tanl wtltlen
A2IMMB L 4 Lanfwdd® TOotite Top sfflcier gy, Vi Wl Ve p REmBce tictt Y e
affe:t uaresd >7 “he Iiy -oMpi.ef gad sptiMeset ahd F 4le oeemer it Tt ot

[REIFL ST R 1 YO L )

#r s ttem tere ave mentt Tor FLaetifg polt apetgllate,
LML, A mragt | e oz “oward T.9e? gt cherptiors twmd 4 b writler

g seanined i (mXail for @77 ey

N The rogs L me presw-ted ete s Coe e e et T raresirgy time

PR LA I R SRR 2 - E " ST . fE cezn el £ i tonise
A VL RS FEEEE R < e * o - v ‘5"-'.'1’ crt &~ ATl e
S5 C.vn L4, = 3= dwma, Ay ek vorinent | the trepdtt et Aare fogriet;om

Liheamy cewla to e come ferat iy selanded it st LY aiec (o iede, oy

eeanp 8, Cymotire T ceomsiae 13riatise v Ty yse




e LA E 25 P YN ¥ )

Halme . levnd Bo.en. ‘Gl el SRR T LBl Dllehx

b WELE BT DU, ¥ S A § Y S A )

: R T T I ¥ R T U SC
lonae, N FE ] ’ R

3 Yt gy, @il i teputee.G@tl. sy T Jiglle.
Princaton in.jser st} f%€3s 40 Y S0 T 5 RS

b RV ayra. .. B.eds) S oo aen. l:t  Mlve i et

.
b SN

C g fere !
oot ae

e ooy and "™Meis sRmr el it ord S oA e L Hpr cklBatoor et

h YSTALE § A TPIaR N 1o B Y, B ¢4

| SR L1 PE S LI 3 ]

- tcm, JopR % . YOing Roerab-letoor o f fgt ra !
LY PR SR
* piee, duecy Moo P iRed panme Wit e - bgnen
proedny L op Y teenty sl mA who o A

| 5. PSSO 1 7

-

B

s

Malat s MAtRemy . T Flset ot ee P WmE? L%, ke AT.t ' Mol e

!







NYU Ada/ED 11,4(7/08/081) Yoo 29 LY BY 30 432 (3 1
1 ADAgi1e: Funtl ACA
‘ ALSE¢ (et tinl A4S
; LIStiL)e: Funi,uis
1
3 ow d1sClalreree CTrLs (4Cr 1@ ¢ 8 PySClICES 15 o Levagildates
P4 e Q2 ly versidr ar3 1s 1etercey fog encorfrerte; .4¢ rojv , . *
3 eoe
4 .o teny (f "he CCTBUTICLS iS@ 1 171§ FACLAIP ~"1 0a? gensald ac e
: S .o 4AN8LTal ot SfIP NRCORNNTL 1T IWOLC0YQ 1P f.evs ir tre
) .o A3a/87 Tz tler ierstlor 11,4, tre ariy ore aval.arle at tre
: 7 oe TI~@ " ,63@ [ acCeNjey efre toliry ,re50tes,
' # oo
! 9 .= la:¢
' 19 oo 313t f eMcat plass tay Gf §P/IG7LYG 1y
' 11 o el ECLE P AT RS I LIS A8 3 - B Y }
1 12 .o
) 13 oe Lol 0 e
: 1e - le  «#m@ric =18 Act.a, “ofa e%0rs “Ay *Ct 'g.¢ 1re Bate ~Aue
15 eow ‘e . et A AR B KRR I )
16 o= LI . A LI LY FI-AN XA B E AR R A T 4 ttlueteml (gt ~t
17 -
1& oe 4. .% 139
13 == R I R AT AR £ EL LR S ST Y SRS
a0 e Co b bt ot CRLTCALSY oafeat (f £OUSLAC (et iiey P
21 . ) THIETN A, CTOR ATl AR AT @IAT ¥ ¢  rclierg ¢
22 - TIACE  feg Fa 8P o ti~@¢ »2fNF “a:t, *ct o
23 L AR I Y N & O O
4 .
e
Q0 Jeneric tu.we st e Ve ¢!
27 tre -t N R RS &
78
29
3 }ACLA ™ - _» S
3 Tete g N Vh attag{i Cc o4 far e €Y At e
32 Cimzrlne %0} G ez 5w ) Tt gy bVvalg
33 Pingtln TRt oY Ll e st petare GeAgg
IR tngtyns eyl C e Lewy HUN T tet ¢~ ¥, .27
s tragrr e Tt LA R S | tet v 41 ATy
L 1) Ponmt e TETL TSI ey e v aT) relirr . ottty
37 | 0 %aT of Y S B U S N AR I 2 BN S | LA ST ARG SR
Im t.cctt v PN e AT res ey tet crn Tty
3 FNCRYIL T e vem b T8 J8T T ey rev.y 11+t 8y
3 LN TT-4 2 B L IV N S RN | ret -~ ety
3 fonctlnr s e n (gt ) Ter pe oMy
4. LAV & B RS SR SRR A S AN S A S R R W returt 1Tt ey
43 tingtyoar "o [ BRI R | totnrr wvaLg
44 (inctien CAYIL e g w) PRty ' LhRey
45 Y L A EETY L7 B T I S T
4n tuNCrIar Trec T A, ager tet 1tr bt al:
47 [ ST ol & Ea L R B e 2 I el Itn MELl
49 EnCrIen o v tate- ALy Tragetar ) tel PN Jei;
49 FUNCE Lo o o e i el ALY Re T ALY returr se?;
99 tractior D e L T L E I A R A S P ] returr W k)2




YIU Ade/eD VL. 4(1/00201)) Tuo 4% OCY By JUsCe120

5
34
3
s
87
LY )
9
[ 13
(3}
2
['})
(Y]
(3]
oe
»?
o
[N J
75
T
12
1 )
Te
rs
e
r?
‘e
L)
“‘.
L]
L]
)
R ¢
»e
e
ar
.4
w?
P
RA)
47
)
oy
TR
L1
)
9n
39
P
ful
102
13
104
1S
108
to}
108
179

tunction pIPC(RIRELL) returs AtALyg
tanction LalrzafaL) return hyitLs
tinction Susf(ytuest) return ktal:
tunction ATAS(MIuEAL) return REAL)

tunculon Sis(igheal) teture medl)
tunctlion COStEIREAL) ret.rn wEALS
tunction Tas(9iweALl) return KPaAL)

tunction ASIs(YIRLAL) return JLaAbLg
tanceion AC:S(utuNaL) rerurn WeAL)
tunCLION ATAIM(IXINEAL) rTetulr »fAL}D
tunction alsristhCAL) retuern &¢ALY
tunctien CusHiatntAL) geturn Poalg
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tunction */®(AILIVILFLIAT) L3LNTFGEN) return LONZLFLOAT g e»
o= otayma [NU1ne;

oe3{n TetuTN A/ZLULNGFIAT(]);

en3 “/*:

tunctinn SASEL2.esP . (AIFEAL) retyrn JZ1EGER 1§ ee
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lel e

bR e UTELEFLeSg

| LR = sore 9t these coul il rest be writtern is assembly code,
170 .=

17t -—---..u..-----o---o-----------~c---------.-----.-------~-.---------.-
172

173

174 tancrion Coung

t75 nenlivLEa g

176 Ay YskER{)

177 FPLALN ArAlL {8 =-

17 e piragta el Ik
179 veyin it % tnen retnurn X

18y else ratary Y?

141 and §¢:

142 ent Cu.ing

183

184

tes tunction Coll(

136 LER BTN

187 Aygfel o[t ER)

i8s return [M{EGER 1§ ==

1489 = praagey [VLIVE
19¢ beain if A then retarn x;

191 else return Y3
192 end yfg

193 end Ciiwlsg

194

195

196 tunctlon VON(LILVIEGER) return HNDOLEAN 1§ ee

197 *= pravnd [~vLIMES

198 ee detter in assemsly zode,

199 beyin retuyrn 1 mon 2 /= 0

200 ens Nnp;g

201

202

203 function ROUAD(XIKEAL) return INTFGER i§ o=

204 = praygma J4alL14K;

205 == NUTE: Version 11,4 ot compiler TKUMCATES TOWAKDS ZERQ

206 o= instead ot rounding for INTHGEK,

207 befn it x > 0,0 tren return INTFCER(X + 0,5);
208 else return INTEGER(X = 0,5)7

209 end 1€

210 ent ROYND;

211

212

213 function "rem"(A, HRIRFAL) return RFAL 1§ ==
214 e pragma JALINE}

215 == RAatter in assemhly it tnhere {s a machine
216 = code instruction for remainder divide of FLUATS,
21) begin return(A « BERFAL(ROUNDCIA/B)))?

218 end "rem™;

219

229

22} tunction SIGN(Z, Xi1&FAL) return REA] 18 ee
222 == pragma INLINE}

223 veain 1f 2 < 0,0 then retyrn =X;
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224 elsif Z > 0,0 then return xg
225 else return 0,907
226 end 1f;
227 end SIGNS
224
229
230 function PILY(X:REAL? ASALREAL) treturn REAL {§ ==
231 @« pragua LALINE? == 7
232 THKMP:REAL := A(A’LAST):
233 pein for J in reverse 0,,A°LAST~t
234 l1oop TEMP 3 A(J) ¢+ X*TEMP;
235 end loops
236 return TEvD;
237 enl PHOLYS
239
239
240 function JUDPOLY(XSRFAL; A:ALREAL) return REAL {§ ==
241 == praygma INLINES
242 begin return X*POLY(X*X, A):
24) end NP POLY}
244
245
246 tunction cVENLPOLY(XIREAL; ASALKEAL) return REAL {§ ==
247 o= pragma INLINE?
218 vegin return POLY(X*X, A);
249 end EVEIPOLY;
250
251
252
253 Y R L L I L s s o  r r oy o o sy
254 ae
255 .- The Elermentary Functions in ADA
256 .-
257 . In the past the ejementary functions have heen written in
258 = assemhly code and incorporated into the hiaoher order language
259 == proirar by ceinyg iIntrinsics of the lanquage and were handled as
260 = part of tne corwriler, The accuracy was fixed at the accuracy ot
201 «~ tne nachine for »hich the compilation was done, In Ada, however,
262 ~= neitner the machine nor the accuracy 1s known until compile time,
263 -- In most cises these tunctions are napped onto some reduced ranjye
264 =+« an1 then aphrroxirated over that range py a Cnebyshev bolynomial
265 we derfvea poOwer series, (The advantane of the Chebhyshev polynomials
2bb == are that they yive & smaller maximum error over the approximation
267 =« range th3in any other polynomial of the same Jejree,)
20p ow The Chenvsnev rolynomials themselves are not used but the sums
269 e 0t toelr coefficients »f like powers of the variable are used as
270 == the constants (n tne power Series. Since the Chebyshev polynomials
271 == contiin all nosers ud> to the order of the polynomisl, adding one
272 == aore term (tc aet neore Accuracy for example) chanagesg all the terms
273 =« {n the power seres., Tnhis means that the number and values of the
274 e coetticlents nust re calculated at compile time (or later) when
275 ees requlired accuracv is xnown,
276 -
217 .-
2719
230
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2981
282 subtype INT.1.2 1s INTEGZIR renge 1,,2;
283 subtype INT_,O0.1 1S INTEGER range 0,,1;
284 KMAX3sconstant = 10;
28% type A_LONGLFLOAT is array(INTEGER range <>) of LONG.ELCAT;
286
287
288 Pl tconstant = 3,14159.26535.89793_.23840,.26433;
209 SORT.2 :iconstant 3 1,41421.35623.73095.04880_16887;
290 LN.2 sconstant s 0,09314,.71805_.59945,30941,.72321;
291
292
293 L X e e R T L T Y L L L L T X L R e i g
294 .-
295 -~ CHEBYSHRV FXPANSIUWN
296 -e
297 .-
298 = Let
299 .- f£(x) = Sum(u(k)*T(k,x/n)), -d<TX B
300 s (U¢=K<an)
301 .=
302 e where
303 .- T(x,x/a) = SUmM(C(k,3)*(x/7a)s*y)
304 e {U<=I<zK)
308 -
306 . i) = (2/p1)sintecral(t(x)®i(k,x/8)/sart(1=(x/d3)%%2)), k>0
307 ) (=1<=x/11¢=1)
3ng .-
3uy - = (2/r1)*lntearal(tta*ces{y))*cos(x*y))
310 e (U<=y<=rl}
3 L
312 == then
I3 - t(x) = Sunl Sum(nu{r)I¥C( ,})1%(x/a)seq))
314 .= (<=k<zr) (K=K,
315 -
RN - 2 Sum(a(i)exesy)
317 -a vz jc=n)
L] e
319 = ahere
320 - R(1) = (1/0)#%44Sumr(R(x)*C(r,1))
321 .- ()<=k<=n)
322 o=
323 o=
324 L R Ry N R L Ll I N I I I I I v’
32%
320 PacCKaue #rFALLLID 1s new FLIATIUC(KEAT )
327 use REALLIU}
3128
329
330 procenure (CA_Sl(
331 Azout A MFAL}
332 BeALLOn LT
331 Ll Tala??
334 (2L3To0,)) §5 ==
335 s ), = 2, 1 =0 n~njves eéven joser series,
336 es §, = 2, t 2 )1 qijves o011 pnwer serfes,
33 s L =1, f =N gtves touth even and o494 terms,
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338 e« L =1, I =1 |{s undefined,
339 =» The CHEHBYSHEV constants:
340 function C(N, JIINTEGER) return INTEGER (s ==
N == This {s not efficient, time wise, dut no matter
342 == onhly used to initialize package constants,
343 =« never used Iin real time,
344 «= This IS efficlent space wise, since it eliminates
345 == the need of storing the sparse matrix C(N, J),
346 pegin {t M < 0 or else J < 0 or else J > N
347 or else JDD(n+J) then return 0;
348 elsif (Jsv and M=0) or else (N=1 and J=1) tnhen return i;
349 else return 2%C(N=1,J=1) » C(N=2, J};
350 end 1¢€;
351 end C;
352 TEMP I LONGFLOAT;
353 CTEMPSINTEGER?
354 begin e TCHLS!IM
35% for J {n (‘.-A'LAST
ise6 looo TEHAP 2= 0,0}
357 for kK in J,,A’LAST
358 loop CreEMP = C(L*%k+1, L&J+1);
359 == Version 11.4 wont multyplv by floatina zero,
360 1€ CTewP /= U then
361 TEMP = TEMP + CTEMP*L(N)?
362 end {f;
363 end loop;
364 A(J) = KREAL(TEMPSR(=1)*5(=l¥J=]1)]};
365 PUT(A(CD), AlLDTH => 15);
366 end loop;
367 new_line;
368 end TCHaSJUM}
369
370
3N function LIM(BIALLOMGLFLIAT) GIREAI = 10,0) return [~wTrLFR {5 ==
372 K INTEGER 3= 13
373 REALLDIGITSSINTFIER t= INTFGEK(FeAL’DIGITS);
374 negin
375 PUT (4, #IOTH => 15)3 new,line;
376 PUT(2%w, wIDTH => 15); new_line;
3 lo00 i1t ArSCREAL(R(K))) < u*$(=REAL_NIGLITS) then
37 return K = {3
379 elsif ¥ =z RLAST tnhen return Kj
380 end 1f;
381 K 32 r + 13
382 end loow:
343 end LIv;
34
385
366 == Hote B.XXxx(=1) = mnagnitude ot ranqge ot varianle in function xwxx;
387 ae {eo
g8 .o BaSIN(=1) = ptrsd RaCUS(=1) = 111/4
369 L) BaASLi(=1) 2 0,37 ALTAN(=1) s pi/v
390 LX) DaSURT(=1) T 1,29 HeEXP(=1) S U425
391 L BLATAN(=1) 2 sIrt(?) =
392 e HalN(=1) 2 (2 = saTt(2))/7(72 ¢ syrt(2))
kDX ] o= daSTMA(=1) = 1,0 R.JUSH(=1) = 1.0
394 .= HaTAVH (et ) = 0,5% taATANN(=]) T ),25
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396
397
398
399
400
401
402
403
404
405
400
407
408
409
410
411
412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
4217
42hn
429
43v
431
432
433
434
435
LETY
4317
438
43y
44
441
<47
443
444
445
436
447
443
449
450
451

.- BLASINH(=1) s 0,375

-= Tnese constants are telieved to ve accurate to the 24th decimal digit,

THU 29 OCT 81 10304320 PAGE

daSINscOonstant A LUNGLFLIAT(=1,,KMAXR) 22 ( == Inf{tialize:

pPI/4,

«),04914,04113,37030.b0401_,49299,
20 ,00000,14305,830091_93208_,96335,
«0,00000000u0_ 0431k 30659742291,
=0 NNV LL0VVV 0NGBN_N0314,36072,
«0,000U0L0AUB0N0N00 L0000V 0000y,

B.C0Ssconstant ALLLNTLFLOAT(mLl, ArAX) 32 (

P1/4,

©0,14h33 004339033 0n332_ 07964,
«0, 000004904 049 _KH2330_00bR/,
e, NOUUU 000U 47399 _35k0k_1064u4,
w0, U000uNLNUNOD D W00 VGTIN_TOIYL,
@0, 000 00000 _Jul0o_uanud _NotSs,

BoTANVICONStANE AN G FLIAY (=1, N
Pl/n,

QL U273R P0SEI TN IR 3Re L 123N,
D 0uNud 7031073827 10477 0433y,
U DDLU N0 23301 535501 K053,
0,0 0000 0G0 _J0udTrad03In_23712,
QoD I N0 0l 123312350k,

BoBTAIsconstanl AL GoFLUaT(=1,,

V414212359623 73035 00drmi)enuT,
®0,025%95.21204n 2035084 19TS,
U U THITA 43335 aNa T3 1400y,
UMMV IS IR TN 8V 31 s,
@D uNLOG o YU 20 424314793304,
0,000 VDDA NN s0,52T57,

BaASIAICUNSTANT Vo 0 e
Nya37h,
e 1290822484 IN T 23] 82 R,
VL0000 3 74um b stvm T3NS _39vy],
U 00000 a3 941} 3dmg0v53y 94,
DGR ERRWHRITI IISNIE B MRS SR SRR VAT
QNN L0000 L0 13 v 3220,24041,

el AT (=],

HadlwniCOoNStANT o f! ol LJATL=1,,
1.9,
DL,0A19932219222 1001477150400,
D00 a03TdM aV 7535 049 s,
ERVAHITIVIVERI B TV B SUE N L R D I N DS B L L I
DU LU e NGNS T 3 _t &)Y,
(AR TRRY T P 1) TVR T VSRS FEPRN RA TS DO T Y BN VIRY FTY 35 10
Hal)SHicanstant wof, v FLIAT(=1,,
1eu,
Ta2nbun a417 7920080855940 4,40,
[ RO I DR DU SR DO IV RERUIE BRI W o DERL P20 X BN

A-R

0,94977.04415.68744.77636.82691,
0,00038.77134_36152,82730.90288,
0,00000.00030.73H51.15544.85672,
0.0vL00,00000,00004_27564.,99507,
H,00000,00000.00000.00000.17640,
0,0)3

e Inftializes
V,uDIb3.19137_0460K,01270.04060,
Nt L192.14493,_11814.64079_69079,
UM ULL0275_76595.60718.73952,
D00 000N0,00055,.49548,.54157,
Ul NON_0000)_0u000_00303,0299%0,
O.'1) 3

AR} 3 ( e~ Injtialize:

1.12h9% AR0S5_.7594331,.75318.774°1,
VoML A3 63005 ,43497,.59071,23490,
Cotnn0 n1134,29567,27961.97971,
U, G0 U060 ,29523.14912,,17757,
OGO NNINY 0NN _6nd3l1.70844,
Lo e DD ONODO 0N LOR Y2600 ERH)

refi) 1= (1 == {nittalize:

DTG L2303 4174314048 51R20,
Je 1T IR w8829 T4923,041260,,44032,
Dy AN 08408 _TnaSioUlola32401,
Le 100NN WT Y21 4R 2750,
C (Y LNGLAD T I NS )22_:\\.,(-59'
SHCININ0ONI DU 8972736657

s e02) iz (0 == Infitializes

1o V23 T3 idyeh ¥ an1 720.33013Y,
eV IVL IR  hr ke 8319 N1V 29,
ettt Y2 A 388k 1T7C1 3,
GNP _QGh T Fubk Qe
AT AN (T A PR CITTCE B & WS S NPT I
e I JUANGY e 0 I INERAILTN2211)

“tY) iz ( e= Jaltta)ize:

- P TITR RN E LAY LR Py L7 R
e VIUTLGTII 138w 11375000427,
TN YLt T 2D 2 R 5302318302,
e U I AN NPT A0S 80412,
QPSR TEPE R DY £Y 2 XYY DU VAPRY FRR SN SRS Xl WK L TR I R 00

Ve ')

bR} 22 ( ee (njltializey

e s TG LNAINY L T SRR SN,
[EERTRIREYE DRSSl iy I BERL AT WP L I JEEY. L i N

-~

e
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52
453
454
155
56
1517
49
1454
A0y
46
in2
103
464
405
1.1
467
46H
4h9
470
71
472
413
474
475
476
4117
479
479
480
481
462
483
4R 4
489
486
487
418
489
499
491
492
49)
494
49S
496
497
498
499
500
501
%02
503
S04
50%
$06
507
S0y

T ¢9 UCT RY  10gue228 PAGF

Dy VU N2 1Lt 62T 98126, e tNN0_00005_50589,060796.73746,
Gedunud g G aulud it gsunlls, D 00 ,00000,00008,.42375,,00163,
LPEPTINTENEL IV IV BRUTARPYVEL PN TRTR IR X TR B KTA B 106000 _00000_000060,_00000,12074,
U i gd My g )2 00033);
RoTA v 2ronstant Y h1 G b L IAf(=l,,Av80) =2 ( == Initializes
e, ,Yn121,62263,72730,36911.57321,
U 0 3TAA L ET 3934217521 4,.26219, 0,)9090,04074,7)149,92002,.75677,
ey I iRl oS T VR 1] 8041}, W LuNu0 . N%231.11943,.14572,47030,

PETI\RIPA NI PLR RN L RS LR LYY D
@ It a2 IINO 07333 NS0 1204,
@} IV LN U aA 213 ) 101k,

NLINNNY_00NN) 04401, 07R42,671080,
Ve 1000,00000.00177,.13006.90129,
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ALNTA L HICHNSEAPT Anh 1 SurLOAY (], F*2X} 3= ( == ]Initioalizes

Ve?5,

0,01082, 3319537100809 23 nd 441,
VeIt g1 2030 ,2¢0 43036 )3,5%y0},
QL UON0U UL 9126k Benh0, 03080,
DeDUNNULI0NI 0y Il _dnfh¢ 51119,
Ve d0NLU LD Ut oy lau 59004,

HoAST oitconsrart Al b SoFLDAT (=), 0 7aX) 8 (

Veldls,

@), 0110390208, n120¥ 2303408235,
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20,1009 00U N0 LMY 95232,
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Vo010 45680,96460_30385.36636,
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e= Inftiaslizes
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N,N6000_00000,00032,404V0,37609,
U, u0000,00000_0UVV00,02547,89448);

B EaPICcONSLANt A_LONGoFLIAT(=1,.,r7AX) 2 ( == Inf{tislize:
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¢ constant REAL t=
3 constant REAL =
t constant MEAL =

BLS1H RAN
B.COS RAY
BLTAN HAN
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e, VU009 _08826.%51060),94746.00220,
e0,00000,0016%.75365.73060.2%77¢,
«0,00003_00003.43461.43137.37718)¢
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7194 ~e
798 e L R P P Y Y Y Y P R Y T R R L P R P R R R R L R L R 2L T X )
79

197 tunctian SIN(ANEAL) rerurn KEAL g =-
798 we prayna [ALlte} == 17

799 LIREAL 3 X3
%00 belin 1loop ==
801 1t AMS(/) <= 38P1/4 then rveturn SINSHALL(Z)¢
: 802 »lsif 2HS(L) <= Pl then 2 1= SIGN(Z, P] = ARS(Z))
i 803 rlse 7 3 2 ren (2%p1);
( BU4 end 1¢;
805 end loop;
806 end SI;
807 .- Computation tinre:
gub - nest: 2% ¢+ (A + w)n
HOY - Ave: D ¢ 0,5 ¢ (A & ")(n ¢ 1)
810 - aorsts L ¢ b ¢ (A & ®)(n o })
81,
i 812 o= HAart, te:e 117 (ranqeln, ri1/4)):
! 813 .- nos 3 4 5 [ 7
: R4 .= ~losl(err) s %,5% 11,3 14,3 37,% 20,7
y 1%
LR
817 D R ey P Y T L T I I Y T Y Y Y Y Y Y Y T 1
/1R ->w
819 ce cis
820 Ll
822

H213 function CUS{AIRrAL) return REAL 18 e~
824 ee prayms INLLIeb3
A2Y neiin Lt ARS(X) <= JIspPI/4 then returts COS.SMALL(X)?

8206 end 1t

827 return SiN(RP)/2 = ABS(1))3

628 end COS;

829 .o Comoutatinn tire:

W30 .a sests v e+ (A ¢ Y)n

831 o Ave: Do A ® U,SH ¢ (A ¢ *)(N ¢ 1)

432 .- AOTStY 1+ (& ¢ ¥)(n ¢ 2)

833

34 .- 4art, o4y~ 11% (ranqelv, ti/4))¢

435 - n = 3 4 S ) 7

436 .- elo3lNCerr) = 7.5 10.3 313.2 16,3 19.%

437

ble

339 Y Ll L T R e R N N Y T I Y T Y Y T Y Y Yy
840 -

441 .- TAN

842 -

a" T E Y XY Y LR LY LA EELLE LA XY XY X L 2 R 1 L 0 0 B 2 & 0 % & R & & X 2 0 L 4 L0 L 0 2 X 3 17%
434

LT} tunction FAN(X:kFaAl) return ReAL §is =e
844 o= pradra [tL]lVe; == ¢

LYY Lik# AL 3= X3

R4s oeudin 100p ==

849 [¢ anS(7) <= SsPl/8 then return TAN_SHMALL(Z))

as%0 elsit A4S8(Z) <= ¢l thnern 2 t= SIGN(Z, ABS(Z) = P1))

A-15




“%1
ANy
-S4
=51
wgy N
L k-
a7
.y
EA)
L]
nel
“n?
LX-R ]
LX)
PEY Y
anr
“e]
L)
nha
ERAN
]
LRV
373
7?9
ATS
47
LR
aATw
51
Ad
a6l
Ha?
R
LK)
CL L]
MRy
L
LI} ]
LY )
B
391
A9
LE X
g94
LR
84s
na}
"9A
899
900
901
902
903
904
905
906
907

1] PR T PECIEERTER D | 103nes 2R FAGF 14
€ HES tes o8 |,y
wrowee
LI S H
TR R A LD B B4
eat e ¢ L L
PR I LA T o« 2)
RN A B [ Yoe (2 e Y e 4Y
are, [P I N A L L BT I B
= / s < S ) ! "
Lerr) 2o d,e N, Ty . VeSS 12,3 14,1 15,9

L R R L Y N R R R R R R R Y Y P R R Y Y R Y YR Y LY PR YT Y T

ALA

R N LR R R P N R R L Ry Py Y Y P Y F P P P Y Y XS I Y R R P Y TN T

t t] T Alavtalesdi )y retyrn RUAL e o=
e LrAY Yy Lt v e
e AL 33 AmalY )
ce i bE 2 €2 e NF2 ey Lhen
retrs o LFCLr(a, b r1AN) S
elstt 7 €T 1o S JATAN LA trer
TOU I SAUN(N ML/ Gen 0 POLY((Z21,0)/7(7¢1,0),PoATAN) )
LIRS § &
retirn VE/2 = b 1Y), /7, PLATARN)):
ent L1a%;
.o Coamuytlolting 1 e
.- ~est? 24 o (A& ¢ uw)n
ve Ave: YeTHULA & ) e 1 e (2 ¢ ~)(Nn e 1)
e roCSL: ¢ A 2 (A e m)(n & 2)
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tuction ASINM(Ii(KEAL) return RPEAL (s ==
e prajTe [HLINE; == ?

e jin

= agpert ArS(Y) <=
1t ABsH(Y) <

1.0

ALAST ¢ RAN then return ODOLPOLY(Y, PLASIN)¢

eisif Axs(Y) >=2 |,0 tren return SIGN(Y, PL/2)
er 4 t¢;
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909 oe Ave: ISP A T I T YEPA PR PR L
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912
913
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91 - ACuS
917 o
9’8 LA E L X X XX X L L A LA A A L K A & L XA X ALLRRLALALAYYRE L LREEYELYERELEEEEE XX LA XKL RAELLLE L LE 2]
919
920 ACUS_Clr «ST2REALS
921
922 tunction ACOS(I'InrEA() rrLurn KFAT (g5 o=
923 e pragr3 l1iLLl%ES
924 Ye¢hehAL 3= 1,00 =
928 bejin e Aggert Ans(nh) <= 1,97
926 1t ALS(Y) < ACOSCONST rrer rerurn SONTIV®(2,90 ¢ Y/3));
927 end it
929 return P1/2 « ast«(y);
929 end ACHS?
93¢ - Congttation tine;
931y LX) dest? Doe 28 ¢ (A e H)(nisyrt) ¢ J)
932 .= Aves 067250 ¢ 2,5025%A & 1 ,29% ¢
933 . Ue.75(a ¢+ ni(nlatan) + nisqrt) + n{asinj/3 ¢+ 4)
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938 .o
9139 o= S1wH
940 e
941 B P P P E PP r PP R ETI P NS PO RN E TS PR RS T RN R PPN P RO RPN e Y TARSRAce T aST e
942
943 tunction SINH(XIREAL) return RFAL |§ ==
944 ee prayma [nlLInE) =« ?
945 E:REAL}
946 begin 5t ApS(X) <x H_SIH_RAN then return ODD_PULY(X, FLSIkr);
947 ent {tg
948 E 3= EXP(X)?
949 it E = 0,0 tnhnen return =KEAT (FEALZLARGE) /729
950 end 1t;
951 return (& = 1,0/8)72;
952 end SINH}
953
954 .o Hart, page 104 (ranqeld,0,5]))2
955 e ns 0 1 2 3 4 S () 7
956 o= eloylu(err) = 1,7 4,2 7,0 10,1 13,3 16,7 20,3 23,9
957 e Ranqge(0, 1,0])
959 we 3 3.0 5,2 7,7 10,3 13,4 Llo,0 19,4
959
960
962 Yy
963 -e COSH
96‘ -on
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9695
966
967
963
969
979
971
972
973
974
975
976
v7?
978
979
980
981
982
983
944
985
980
987
988
989
490
991
492
993
994
995
996
9917
994
949
1009
1001
1002
193
i0u4
1709
1006
§ o0
1.4
L6
P10
11
1012
1733
1N14
101%
1010
1017
101K
1039
1020
{021

L L P P P P P L P PR R LI R P Y TR S L LR L R L R L R LA A L LY

function CUSH(AIREAL) return KtAlL 15 ==
=e prayty INLINE] ==
ESRFAL;
pegin 1€ AnS(x) <= A_CUSHLRA: then return EVENLPOLY(X, P.COSH):
end {£;
E 1= EXP(X);
1f & = 9,0 then return «rFAL(REAL’LARGE)/2)

eni {f;
return (£ ¢ 1,U/8)/723
end COsSH;
.= Range(D, 1,0):
va n 1 2 3 4 5 6 7

= aloaif(err) = 2,3 4,3 6,7 9,3 12,0 14,8 17,8

-- Tath

L R T T Y T TR PR L P YL Y e I I P Y Y P Y P P Y LY I Y Y Y v
TAVR CUNGTIIREALS

tunction TANH(X:NRFAL) return REAL §s o=
e rraamy [NLINR} == 2
LeXIREAL?
vejia 1€ ANS(A) <= R TANH_RAnN threr return O0DLPOLY(X, P.TANR)}?
elsif ARS(X) >= TANHLCONST rnhen return SIGKk(X, 1,0);
ent1 L¢3
£2X 2= pAP(2%X);
return (F724 = 1,0)/(E2X ¢ 1,0);
end TaNwg

LR PR AR P PR AR AR A R R R AR RIS R R AL A L X 0 L L Al XA AL Rl 2 2 L 02 2 X J
o= ATANH
on

L R P LR R L E R L L R L AL R LRI LRI R RS R A DA LA LA L L A A LR Al il L L L X L X X2 ]

functinn ATALH(YXIxEAL) return RFAL Js ==

o= OrAZ'3+ LWLl by o= ?

be jir = Assert ARS(Y) < 1,08
1t ARS(K) <= = _ATANK_kav then return UGDDPOLY(X, PLATANH)?
eisit AMB(4A) >3 1,0 then return SIGN(X, LN_REAL.LARGE/2):
e~1 §t:
return La((l,0 ¢ Y/701,0 = X))/2y

eni \rar.g

o= ranael(, n,2851:
E 2 3 4 b 6 7 8
== ~logloCerr) = 3.0 S, 7,2 94,7 11,6 13,4 15,3 17,1

o o]

A-18
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1022
1023
1024
1025
1026
1027
1028
1029
1030
1031
1032
1033
1034
1035
1036
1037
1038
1039
1040
1041
1042
1043
1044
1045
1046
1047
1048
1049
1050
1051
1092
1053
1054
1085
1056
1057
10588
1059
1060
1061
1062
1063
1064
10658
1066
1067
1068
1069
1070
107}
1072
1073
1074
1078
1076
1077
1078

L ASINH

X Y P Y P L I A T P R Y Y L R R R Y Y P R Y A R PP A P L L Y Y

function ASINH(XZ:REAL) return REAL {§ ==
we pragma INLINE} == ?
begin L£ ABS(X) <= R_ASINH_RAN then return 0DD,PULY(X, P.ASInH)?
elsif ARS(X) >= SQRTLREALLLAKGE/2 then
return SIGN(X, LN(ALS(X)) 4 LN_.2)}

end 1f;
raturn SIGN(X, LN{(ABS(X) + SGKIT{1.0 + X*X)));
end ASINH)
.- rRangefv, 0,375):
- n =z 2 3 4 S 6 7 ] 9 10

== aelogld(err) = 5,5 7,1 8,8 10,3 11,1 13,5 15,0 1o.6 18,1

~e ACNSH

ACOSHLCUONST:REAL?

function ACISA(UINEAL) return kEAL g =e

we pragma INLINE} o= 7
YSREAL t=2 U =~ 1,0}

pe3jin = assert t >= [,0;
{i¢ U <= {,0 then return 0,0;
elsif Y <= ACUSHLCONST then teturn SIRT({*(2,0 = Y/3)):
elsif U >= SGRTLREALLLARGE/2 then return Lv(ARS(U)) ¢ LNL2;
ent 1¢;
return LAN(SGUKT(Y$(1,0 + U)) ¢+ v);

end ACUSH}

TWOLP.FIVE: constant PLAL = 2,5; == heeded by ¢Comnjler version 11,4,

begin = Injtislization of packaae tLEFUN,

TCHLSUM(PLSIN, 381N, 2, 1);
TCHLSHM (PLCDS, uwLCOS, 2, 0);
TCHLSUP(P.TAN, A_TAN, 2, 0);
TCH.SUM(P_ASIN, B ASIN, 2, 0)3
TCHLSUY(PLATAN, B ATAN, 2, )}
TCH.SUM(PLEXP, ULEXP, 1, 0);
FCHOSUM(PLSINH, A_SINH, 2, 0}
TCHLSUM(P,COSH, a.COSH, 2, 0);
TCHLSUM(PLTANH, B8_TANH, 2, 0);
TCHLSUM(PLASINH,H_ASINH,2, 0)3
TCHLSUVM(PATANY , L ATANN,2, 0);
TCHLSUM(PLLN, ALlM, 2, 0);

A-19
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1079
108y
1081
1042
143
10M4
1085
1086
tuy/
1089
1089
1090
1091
1092
1093
1994
1095
10496
1097
10YR
1094
113

110
1ta2
1103
1104
110%
1ive
1197
1108
ti0y
1119
1111
1112
1113
1113
1115
11t
1117
111%
tily
1120
1121
1122
1123
1124
1124
1126
1127
1126
1129
1130
113t
1132
1133
1134
113%

FCHaSUN(PLSUKT, oaSURL, 1, 0);

tor 1 in va LT (3aln)
toon Pobn(l) 32 2%P_L-(1);
endy 1nog;

ACUSACIn8T $5 1.0/ TAUP_FLVE**REALPDIGITSS
ACIHSHLCIIOT 82 4,0/ TaC P r[VE+4RcAL’DIGTITS
TA 4 CaT 32 KECAL(REALTLLICTTS)I®L .2 ¢ LNL2 == 1,2 "= In(10)/2

PULCATHSC)NST, »1DTH => 18)
PUTCACHI I_CNLST, ~INTH => 35);
PHY(TAS 40087, «IDTH => 168);
nea_ltney;

b cmKFALLL A 32 LI(KRFAL (FFALP9LARGEY)
SURTORFALLLARGE 3 SORT(RFAL(MEAL®LARGE))?

PUTL QP EALLLARGE, #LDTH 2> 148);
PLTEOSMR T WA LARGE, 410Thy 2> 15)
tevLliner

ena Fle Fay;

LR P R P P R Y P P L P L L P Y P L L L T P P P PP L LY P Y Y YY)

- Re bR (RS

.- nice, Jonn w,, "Tfone Anproxiration of Functions®,

- Addfsonesesloy, 1964, LAZ?) xS vi

- qasrir s, Cect) Jr, "Antroxinations tor Niuviral Carbyters”,
-- Princeton tinfversity ePress, 1955, OA7h ,H37 c,2

-- Halston, Antrony, "k Firsr Course §np Numetrical aAnalysis”,
- searase~{1ll, 1965, ODALYT L4

.= Savier, Averv +artin, *Cnerysnev vethods {n Lumerical

-- Arproxiratior™, bPrenticestsall, 1966, UA221 .56%

.- rrovansckij, Plexey Mirolaevitch, ®"The Applicatisar of Continuen
.- fractions 4n~ Tnelr uenerajf{rations to Prooslems 1In

.- a4, aroxy ration Toeory”, ¢, “coruahoff, 1963, 4A221 _N4)13

.- dart, Jonr +,, et al,, "Conputer Approxinations,” John

o= a1ley an Sons, LYok, UA297 (K4

-e Saues, Jrvina Allen, "tumerical Analysis tor Corputer

- Science,” wortrepnllanit, (9TIn, OA297 ,DS9

X R E Y R PP R R PR R L AL L LR L L R AT Y Y P I Y YA R LA R R R 2 2 0 %)

Wit kLt ab )

proce1ure ten® s
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1136 type RErL 1s digits 53
1137 type LONGLFIL.OOT 15 dtgits 7;
1138 NACKAge VEWFLELFUN 18 new ELELFUN(RFEL,
1139 156 NEA_ELE_FUN;
1140 beain ~e TESS
1141} PJT(" TESL DK ")
1142 ned line:
1143 end TEST:
1144

no parse errors detecteu

Parsing time:

732 seconAis

no semantic errors detectex
Translatinn tines: 223F seconrus
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APPENDIX B

A Listing of the Programs and Subroutines for
Computing the Chebyshev Coefficients for the Various Elementary Math Functions

These programs are in FORTRAN but for documentation purposes,

the FLECS listings are first given. The numbers in the right -and column

of the FORTRAN listings show the line tc which it corresponds in the FLECS

listing.




COFY,DSUBOE

00001 C

00002 C THE FROGRAM TRIGOE CALCULATES THE CHEBYSHEV AND POLYNOMIAL

00003 C COEFFICIENTS FOR O0D OR EVEN (MOSTLY TRIG) FUNCTIONS.

Q0004 C ALL COMFUTATIONS ARE IN DOUELE FRECISION EXCEPT FOR THE

00005 C ERROR YOLERANCE WAlCH 15 In SInGLE.

00006 C THE ACTUAL COMFUTATIONS ARE LARFKIED QUT I~ SUBKOUTINE FOE

00vu? C THE MAIN FRUGKAM ONLTY [0t THE [NIERACTIVE DBIALOG TC

00008 C DETERMINE WHAT 1S @0 b CCmEoTEL AND HOW ACLURATEL T,

00009 C

Q0¢10 ¢ THE KANGE UF THE wFEROY I AYI(N TO THE FUNCTION IS FROM

J0U11 -at Ty AN [P THE USER SFECIFIES &b = o ok LESTS THEN

GO0tl € ] DEFADLE Ab VRSN ot I O

50513 C g
G014 FROGFAM TRIGOF  INFUTSOUTHUT . g
00015 IMFLICIT DUMRLE ©RETE2100  A-HeF-2) ]
018 CUMMGN Ne ihe | J&
DR EXTERNAL Falnle 2t 8
(:‘0\"18 X FARTAN: o 0 v NHy ~ _g
D001 x Bac INRL Y Tt " g
MTOR(E X FALLEE o o b _c?
DOURS ’ FIANM o 1A« N
RUTOUN ’ FASINT e &5 0. a
[EIVIENG A FTALLY 150 Ao
(XA ) i Folisty D = 5
VIV I 5 FAalaMle Alam. (j‘g

[ I 5 FALNT Y nlies

DDIVAF NN ; [ T TN Y FA R

VIV 2 Foitm s s NH.

OOy A LR I O

0001 A PRELIMEY KA gk

0Nl VATH P 3 1d0 DS - T hgd s da iy el teln

urudl oL

[ONTERR) MHILE . TRUE

w034 . FRENT 9 Hug FVEN -Ls T00 'y

AT ) L EeAD 8. ]

GOt de o FRENY 0

Q0u3T 1o o FORMAT -0t

g iz . FRINT 8¢ * 0 *e

VRS READ 8y A

D q e . FEINY &y 4

et FE I 7T SRR Y VT

pd el B ) ARSI

IR RS 0 . . | S S O 0t B [T

DODT N . DAL P AT N

O0AS . . ve b N

GGl [ PSR <y 1 5

Quna’ PN R e N A KL BV

UL N . . [T DRERCEYR IR 3 R TR

09049 PN 3

NGUS P SN S R N1 12

00051 S €T N I SPURCIRYINCT BT Floe

UM . . . Cob b P o TONHY YD

DIV N S L

I A P RS P A A Y I
DTS . R § ST N RTIT RS LY

N, . . . -V D HA o '

) P St IN




00053 v+ A €0, 1OHCOSH

00057 e e« JF AN LLE. D00 ae
00060 v . CALL FOE-Fiizm?, i
00061 e 2

DLW .. ] LE0. 1ORSQAL

G00ed
QU0s4
00043

CALL FOECFSUALYY SOAC
. . FIN

e~
-
.

e EERRRL L

A { 2 LN Y N A

UDDIYY AN 2 R L VY Y
viue ' P 2 Y S (VR Y v 4
FIVINY.Y. . v CAuL PO ¢ iINTs ]
(VNI v eadb N
UDI A N 2O T LN
NIUURN N T B S T R A O
D)l e LAt POE FA e AT
IRV T S B
e .. oati, tuntan
oot N L N N (O [
e oo e LAy PURCRTANLY Tad
VO IVI R 34
IR P I v, JuoMaliom
T P ¥ S - | R O S B LY Y] [G-1 L R S ] (R
(IR O TS [ ST L AP
[EAV LY R Bt
e il . I oot VOHRAL [N
§ P S T L I O S R A Y
B . . Vb POR R RGN NN
ot
- . [T AT DR
L S [
Lol RUE Yo T e
o . . PR
. . Vo LML
ot Wt L, T et
RIS BRI : RV T L I
INIEE RS . R P - S S M )
PETR RN § R . . '[H
4T, . . r TR Rt e r R INT B T ] L S AUAINe
[N

NI &

e MD

LR abkhsTiee | 07

e CoRELLLTIMY s b M et i OR e vEN _HERYSREY Al
R PR ML Y oot R S STH :T{[! PR i0h.
B SN T YT N o w1 F sINe (T8 WTaN
N, s . Siae At C b8 S INBTHE S
i *EOINTLORATED OVES T Th v e (0 F D ) gt et
[N R MR e )b e R T L Y S A O (PO Y PR T L
' A T M B vpbE DL Y 18 CRUDRT Nle MWEE e
R I 2 A S T A 1 She o ENY e ok St A

I S T A Y

IR | ] [ Y L A D -

Pl FUMU UM 2

Cube P CTENTS  ar c e




00t14e
0011%
00116
Q0117
0vll8
votLtly
0010
PV
D100 P
DI
PO )
0‘)‘-";
pille
PO
mtoe
I
VIV R I

R

L,
i
IS L
5

'
.
FERR A A
.

-

S O O M,

b

AS 1S Tk wbhar OF COEFFICIin"y FOR THE FOLYNOM]AL
APFROXImaT lon b 55530 LOwuley In ACOEF .

Wt DL bUNL LoNS (SINY fane asinge ATAND St (ONMEETED

TO eveh PN 1oms il a0 “dm 378, ASINUT S Xy AN

Slsm a0 & In URDER Tei! tag sbiatlvt ERRKUDK BE UNIFORML Y

Distelbatel B Ter Lerbrope, Live aIMAYTION,

ik S At cL e M aL A b R0 AATION LS VERIFIED

Broorwbasnifh. Sk o ckem e e CHE O INTERIAL G Yy A
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1

_RLe AocEr oAz Uoaaae U ARy Ny
NN

S TEYSY - LN

MR FERIRS P
NG I
it LAR=0L - Ao
FRINT & Ny dEay
R R R TN
T AMAs i oOESy O
My <
RIS=EN S
VT T SLOVTL ¥Ry,
M
e
P v M
. el A
o o LoHLoEe vl T ¥?9E9
- 2 LAY K Al N
B
el i 2 i ;2966
oL ke ]
" < RS booLooan 33987
- [ IR T T
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b - CInTesLt
. TEes L0 et b Al - LERRES
ThARSL b, QEAINS - UERRS
LR
- I S R
. LN A A R
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. soite dFpenzoe Loy ocipe islanL)e IS
Prad o iae 1
' R
ot
‘a
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00187
70183
00144
20184
00134
20186
00187
aQ182
Gulsy
00191
00192
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(Giea
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0l194
wii97
Ouig-

GG

990}
aurat

DIERINRS

Ganen
ALY

Gl

P
Qu Ok
Gula?
NOBGT

GATUY
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COFY»0SUKOTH

00001 C

00002

00003 C FROGRARM BOTH CALCULATES CHEEYSHEV AND FOLYNOMIAL APFROXIMATIONS
U004 ¢ YHAT USE BOTH ODD AND EVEN TERMS In THEIR AFFROXIMATIONS OF A
w0005 L FUNCTION (EXFs LOGs SQRTS.  ALL CCMPUTATIONS ARE IN DOUBLE
00008 C FRECISION EXCEFT FOR THE EFRFUF TOLERANCE WHICH IS IN SINGLE.
00007 C THE ACTUAL COMFUTATIONT ARt CARRIED OUT IN THE SURROUTINE FEROTH,
00008 L THE MAIN FPROORAM Nt DOES TAb IHRTEFACTIVE DIALOG TO CETERMINE
w0y C WHAT 1S 10 BE COMPUTED AND HOW ACCURATELTY.

Da010 U

93011 C THE RANGE OF Tw=f AFFROsIMATICN T0 THE FUNCTION 15 FROM AL TO Aky
SQ01E U THERE ~RE NU DEFALLT YALUES SR AL OF Ah,

00012

DNIOT! FROGRANM BOTHCINFUT»OUTHFUL

J0015 PMPLICIY DOUBLE rRECISTON “hA-tab =27

00014 COMMON N oAby e oAb

Goot1” COMRONCONSTS FLe Aldde

vi01e EXTERNAL FLUMGTYy ALUC

DIVIVIR 3 PR TTe LERS

20620 X FOWAL Ty At e

00021 X Fiwst s ij e

0020 ¥ Fexty- -

VDA x FEXTATy Cxot

0074 % FRASNTY atlng

2% x FoOALTy SlEy

UO X ok foe QR

G007 FI o= 2,1419y 2458359 39753 [ls4n 6432 3au77Ld

NdI0R ar Ny 7 LaGe 2ol

GO0ty

AN WHILE <. RUE

EDDRN . FRINT %y FUNCYTON - °

PN . RERD k0 ]

EDNER ., ERINT (0. T

ISR IR o FURMAT et

IR O FRIRT ke Ay 2y,

cuelds . FEAD &y oAb

HEL . FFINT e Ak

G038 ST N L

[VIVIS RS . FEAL s AL

gl o FRINT

Cogad < LUNDH T e

DIVICE S N S N S PROTHOETBRT T (B

UDOTE e DL InHTUN TR RIS TW T TWL

41044 R 2 (P L L b T THGFE D T by

NIVEE b R S PR K TR I TR Y R O U T U S I

U04E oo T VEDL oA AT CALL PROTHOE S e s

EODEN O N X U SN I ol FRIH e i

VR P Lok, ToHLOR A TR ST £ 2 FR ! ST S

JDOAY oo vl GEQL 1OHSRA Poonli FENYHOE oy e L)

QUUL0 v NTHERWISEY FRIMT #+ ' 17LL AGR AGAIN -

020591 NN B

Duds ! N

Guny? R

HECS VERSTON 20000




vou 4 L
[N
R ISEUN
[ELIKIV A
KV
EBDRA
o0Ggl
081
00080
o083
Guond
Sugagh
BISIVET
IV
20088

0089

00099 C
JG091
Guav 2
URTR
00674
00099
000746
009y ”
066098
0G99
00140
00101
00162
00103
00104 C
00105

00106

00107

00108

00109

00110

00111

00112

00113 C

e

=

w

LOBERGDUINE FROGH L oMUY THE (HERYSHKEY AND FOLYNOMIAL
et LU TENYS sl THE REALLSTED CUNCTION,

S585 T iHE R TION U BE AFERUKIMATED (1E EXF» SORT, ETC)
Frll et 19 955G AL FALE AL AL 7 BCDSCTHETAY ) /2) XCOS (NKTHETA)
0 eb INGELRATFR OVER THETA FROM 3§ 0 FI 10 GIVE THE

CUeesHED LUERE DHIERT - CAb -ty ANDON ARE AVALLARLFE THRU
OrING,

o 1% THE MAalT~ix F COEFFILTENDS FOR CONVERTING CHEBYSHEV
e D ey T opnt WMl AL CORFFICIENTSs  THESE ARE CALCULATEL
ML,

et LD HE ARRGr b CHERYSHE D COEFFICIENTS FOR FUNCYION 5SSS.

AS L THE ARRSY UF LUEFFICTENTS FOR THE MOLYNOMIAL AFPROXIMAYICON
3o5hS=r COMFUTED TN ACOEE .

THE v OL vHUMIAL ARPROCTHATTION IS YVERIFIED EY GENERATING THE
SELACTVE BEREOR CURVE OVER THE INTERVAL AL TO AK.

SURRULITINE FROTHIESSSETy 25%5)
(et LCLT DOURLE FRECISTUNCA-HE-2)
CUHMAON N» ARy 1 AL

DIMENSINN [C(2%5, 280, [UNEG(SL)
EQUIVALEM ITNEGIS1)y IC€(Ly 1))

UINMENSTON ASC25)y ASael)
EQUILVALENCE (ASQC2) 45010

SOy, CS588{20"

UIMENSION CESE
(59350102)yLH58S1 )

BT ALENCE

ExTERNAL S558» FEUGST
INTEGER 1)

UATa (/07 ZEFD/0.000/

DaTA C5558/25%C, 000/

DATA AS/25%0,0TI0/

[ATA TCNEG/S0X1000/y IC/625%1000/

DATA TR/1O0H /v 15/ 10HRKRRXRXRXX/

DATA FI/5, 14159 26535 89791 238446 25433 8327900/

FRINT % * QU&DN ERR TOL *»
REAL %y OE

FRINT %. OE

FRINT %, * FUNCT ERR TOL *»
READ X» OEF

FRIMT %, OEF

N = -1

REFEAT WHILE (DABS(CSSSS(NY)Y . GT.OEF)

o N= N+ 1

o« CS8SSSIN) = 2%ROMBER(ZERQ. FIy FSSSSTs OE)/FI
»  IF (NJEQ,O) CSSSS(N) = CH88S5(NY/2

« FRINT Ss N» CSSSS(N)

»  FORMAT(ISY F35.2%

“.FIN

L] J



j 00114 N=N-1
j 00115 SUM = DARS(CSSSS(0))
. 00114 DO (J=1/N) SUM = SUM + DAES{((SS5S5(J))
; 00117 FRINT %, N» * SUMAKS(S5SS) = *» SUM
' 00118 SUM = (CSSSS(0))
0011% DO ¢J=1,N) SUM = SUM + (CSSSS(J))
00120 PRINT %y N» * SUM(SS55) = *s SUM
00121 DEK = DARS(SSSS(ARY - SUM)
00122 €
00123 CALL TCH{ICY tO
00124 ¢
00125 XEAR = (AN + AL)/2
00126 CALL ACOEF(AS, £555Sy ICy (AK - ALY/2» N)
00127 €
00128 0ES = L[ARS(SSSS(XBAR) - AS(0))
00129 €
00130 DE = AMAX1(0ES» NEN)
00131 FRINT X5 N» DES, OEK;
00132 FRINT %» * AK = %5 AK»
| 00133 FRINT %» * AL = *» AL
i 00134 C
i 00135 JMAX = §
i 0013¢ DELTAX = (AK - AL)/249,%
‘ 00137 X = al
; 40138 WHILE (X JLT. AK)
, 00119 . DEMAXS = 0
! 00130 . DEMINS = 0
! 00141 o IO (J=1 IMAX)
00142 .+ & = X + DELTAX
00143 . . FSS585 = FOL7(X - XBAK: AS» N)
20144 ., ESSSS = §5S5(x)
00145 < . . FRINT %, F5455y ESSSS
00144 . . ODEKKS = (F53535 - FSSSS)/ESSSS
00147 . . IF COERRS.GT.GEMAXS) OEMAXS = OERRS
30148 v« IF (DERRS.LT.OEMING ' DEMINS = OERRS
00147 . W FIN
09150 C . FRINI &y OEMINS, OEMAXSs OEMINCs OEMAXC
NISL .
20152 C . GRAPHICAL OUT #UT OF ERKOR CURVE
00153 C .
20154 . NS = 30XDEMINS/OE
00155 . NL = 30K0EMAXS./O0E - NS
7015¢ . NS = &% + NS
90157 . FRINT 10+ IRy J=1,NS)s ISy (IRs J=1,NL)» IS
158 16 . FURMATC1Xs 12041
001%9 o FIN
LA RETURN
A4t END
(FLECS VERSTUN 27,51
nNGLED T
LITS FUNCTION TWO(X)
00144 IMFLICIT DOURLE FRECISTON(A-HyF-2)
0185 COMMON/CONSTS/FTe ALN2
D616 TWO = DEXFOXKALMY)
00187 C FRINTES * X = %y ¢y * TWOOX) = % TWO
G045 RETURN
95169 END

B-10




(FLECS VERSION 22.51)

00170 C

00171 FUNCTION FTWOT(THETA?

00172 IMFLICIT DOURLE FRECISIONGA-HsF-7)

00173 COMMON Ny AKy» 1y AL

00174 COST = UBCOS(THETA)

00175 COSNT = DCOS{NXTHETA)

00176 FTWOT = TUOCCAR + AL + (AR - ALIXCOSY)/2)%COSNT
00177 RETJRN

00178 END

(FLECS VERSION C2.51)

00179 €

00180 FUNCTION FCRRTTCTRETM)

G0181 IMFLICIT DOUBLE FRELISIDNVA-HF-2)

00182 TOMMON Ny Als Tr &b

Q0182 EXTErinAL CER:

G0164 CaaT + wlds iHETA)

901389 LSNT = DLOSHETHL Y

090184 Frbkey = ChEy oA 2 Al 1 (AR - AL xRCOST ) /2 xCOSNT
gnoig’ ~ETURN

90168 Enl

CEUELS VERZION 22,510

nG189 I

({190 tonL 1o CRR O

001919 IMEL 0T rRLE PRECISION(A-HF-T)
IV [ TS Y]

DIV i o4 JEG. G KETURN

SHICT] LERT = OSTONCLE XECBLOG 0 273y XD
DI AP Freolttde * X o %o Ko CUHEICTY < %y CEBRT
an1vé tETUEH

0G19 7 END

chibit VERSLON oy b

EOI. O bbb, SR R 9L WORDG.




W

CORY»COMPIL
FROGRAM BOTHCINFUTOUTPUT) 00014
IMPLICIT DOUBLE FRECISION (A-HsP-2) 00015
COMMON N+ AKs Tv AL 00016
COMMON/CANSTS/FIr ALN2 00017
EXTERNAL FLOGT» ALOG 00018
X FCERTT» CBRT» 00017
X FSAACTY SRAC Gu0g
X FTWOT» TWO» 9002l
X FEXFTy EXPy 00022
X FEXiXTy EX1Xy 0003
X FAASNTy ASINY V0024
X FSRACTy SQACH V0025
X FSQRTT, SQRT V00 &
FI = 3.14159 26535 89793 23844 24433 8327900 GOOC7
ALNZ = DLRGL2.0D0) Q0023
99999 IF¢( NQT.{.TRUE.»? GO TD 99998 00030
FRINT %y * FUNCTION = *» Gu0ll
READ x» I 60022
FRINT 10 1 [IVIVR R
10 FORMAT(X1AL0) 00014
FRINT X¢ * &K = % 9003H
READ Xy AN 00036
FRINT Xy AN GaL 37
FRINT %, * AL = ' ¢0038
READ ke AL a9
FRINT &y AL VTR
1FCNQT (T JEQ. IOHCBRT 1y G0 TQ 99994 [T
CaLlL FROTH(FCERTT» CERT) 65042
GO T0 99997 ELIVE R
99994 IFC.NOT.«1 LEQ, 10HTUO 1 G0 10 99995 SIVIVE R
Call FROTH(FTUOT, Tud) oead
GO (0 79997 IR
99995 LF L NGT. (D LEQ. 1OHEX1X 13 G0 TG 99994 Guad
CALL FBOTHOFEXLIXTs EALXO QLT
50 1O 99997 VIVIVE N
99994 IFC.NUT, (L (EG. 10HLOG ») 6O 10 99793 VI )
CALL FROTH(FLOGT» ALOG? [y
GO TQ 99997 VOO
29997 IF ¢ NOT. (1 EQ, 1OHASASIN vy G0 1D 99992 FOIVET
Call FROTH(FAASNTy ASIN) e
N T 99997 vugd)
9997 TF L NOTL 0D W EDL TOHEXF V) GO 10 99991 laar
CALL FROTHCGFEXFTY EXFY (RIS
BYRRR VIS L L cuedd
27991 1O uNO Lol LEG, YORSERY 1y GO TO 99990 ovdd
CALL FROTHOGESARITY SGRTY N K]
G0 1Y 99997 UYYRY
Y999 TF NOG oL LEU FOHSWN 1ol Tu 99989 00LaY
CALL FEOTH(ES040Ty SQaC) DI
Gd TQ 999747 QU0
9939 FRINT &9 ° 1711 A5k ALAINS 'y DI
99997 GG TQ 9yeey FIE V.
9998 END 9953
CUBRQUTINE FROTHIFSSSOT, 55585 vQule
IMPCTCLT TOURLE FRECIGION(A-Hyb -1 aonT !
CHMMON Ny ahe [ AL uu0.'8
DEIMENSION IC- 2%y D53 IENEG(SY) VIR
EAUIVALENCE «IUNEGISY sy 1003 1)) 000R0
UIMENSION AS129)y ASOCY: VIV
EAUIVALENCE (ASO I AGTY ) 00uB3

B-12
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§399¢

ey

n

99997

99996

99994

99990

DIMENSION CSS5550(3)s £S5555¢29)

EQUIVALENCE (CSSSS0¢3),C858C8:1 1)

EXTERNAL $555» FS5SST

INTEGER ©

DAY 0/0/» ZERD/G.00Q/

DATA CS8SS/25%0.000/

DATA AS/29%0,000Q/

DATA ICNEG/S0%1000/ TC/629%10900/

DATA 1E/10H IS/ 1OHA KRR KRR XY/

DATA FI1/73.14199 26515 o792 13846 4473 v32,/v00/
FRINT %y * QUAL ERR 0L °»

READ' &y QOF

FRINT %+« b

FRINT ke * BFUNCT FRE TOL ">

READ &+ OEF

FRINT #y (CE-

No= -l

v T0 59998

[F o NOY o DAES U388 (N L oW IEF GU To 69997

N = Nt
U9335iMY - CARUNBER T JERQY ¢
IF (NG G0y CSLine <
FRINY 99 Ny (9%
FORMAT [0y F 35000

50 T0 799957

NN

SHM 2 DBARD U SsNSs e

00 9999s 1=1WN

UM = SUM + [ABSCC3S8S.4)

CONT INUE

FRINT 3. Ny 3MARS (595G feosUn

SUM = (8583 Oy

U §9999 J1anN

SiM = SUM + (CeSeRi

CONT [INUE

FRINT %, fy ° ZUn{STESY = " SGh

UEr = DABS SS90 Ab Y - Sun

bl TCH Tt

XRAR - fAk ¢ ALY T

CALL ACDEF cA%e 855« 0y ik al v/ e iy
NES - DABS(ZS3SUCEARY - ASK(

DE = AMAYT(0ES OFRY

FRING #3 Ne 056Gy 0EE.

FRINT €0 * Ok =y 3by

Lo Lo
T S I PR

FRINT ke " A0 = *o ab
LY S

Y TAXY = (AN TR R
1 Al

IF NT, i LT, A B T 9993
AEMAHLY = 0

JEMING -

[} $999 J=1+ MAY

o= 2+ DELVAY

FSESE = FOLy(X - <haFy A%y NY

ESSaan = 99550

VERRS = (FSS56 - ESSES L RSSLY

I[F ERRS,GT OEMALS DERMAXS © DR
IF VOERRS LT OFAINSY QEMING - JERES
VONTINUF

NG = TOA0FMING. OF

Nt = JOKNOEMax- . 2

B-13

CopY.
perm!

00089
00086
00085
00089
00091
600z
00041
9094
AT
S,
o0
R
EROD

T

ts

v

L M ea vy

RO

O R
qebla 1o DTIE &
gy lable o reproductio®
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S

R A

PRIl e o lBe o beNS ey ISy iRy J-LeNL e |S
EURMAT (LA 300010

[FUER N CIVA L AN |

4R ik

bl
VT T Y ¥
Parb Jel ! BdblE ~REC TG IDN G -Ha k=7
COAMQN CorsToob (e SLNY
FWO - b oashing
b iR
END
[ RSN A TR § R
Pow L LUTT Diet e PRECTSTUNGA-Ha k-7 )
T Ne o dane e AL
st o ousiTHE T
LN [CRYREN?T SRT RN Y]
FAUOT - Wkl oAb v AL+ Ak At +#C0ST/72)%COSNT
FL RN
END
FURLLION B ERTTCTHET A
I LR FRECTISTION:G~Heb - 2
COnAE My Aby Te AL
EATERMAL CRRT
sl - My THEGAS
MY LUOSINKTHE TA
Fookd - ChrRTvead ¢ AL+ (AN - ALIXCOST) /72)xCOSNT
RETRN
ENE
FURL LN CPRTOX
T BLDl puurl b FREECISTUNGVA-HyF=-1)
CeEV -9
Iy ¢4 kU, ) KETURN
CRET = (STONCLEAFIBLIGCDARS (X7 )/3)r XD
RETURN
ENQ
O FILES, 1 RECS, 1413 WORDS,

¥
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00156
00152
00158
00159
00160
00161
00163
00164
00165
00144
00148
00169
00171
00172
Q0173
00174
Q017%
00176
00177
00178
00180
00181
00162
00183
Q0184
00185
001lbs
0018/
00184
00190
00171
00192
00193
Q0194
00194
0019/

PR




/COF Yy QSUBLIER

00001 C

00007 €

Q0003 X THIS FUNCTION [0ES ROMBERG QUADRATURE DN THE FUNCTION F
00004 C % FROM THE LOWER LIMIT A TO THE UPPER LIMIT B, AND TQ THE
00005 C X REQUESTED ACCURACY OE.

0006 € % THIS VERSION DQES NOT USE THE END POINTS.
00007 €

VEG8 FUNCTION ROMBRG(A» By F» OF)

00047 IMFLICIT DOUBRLE FRECISICN(A-H.F-2)
Q010 ¢ DIMENSION DDIN20)

Q0011 INTEGER FOQUR(21)y O

00010 DIMENSION Q<201 RNOLD)

00013 CAUIVALENCE QU201 ))

90014 C

0001 LaTA 070/ Ltax/ 3/ FOURCI /47

GQQlé €

[} oy = 9

00018 H =tk ~ 8)/2

00017 Inax = 1t

00020 £

QU621 (/g (L=1,20)

DIV M . IF ¢L.GL.ULnAX)

000.'3 . LMAX = L 419

GGe24 + « FOUR{L+L) = ARFQUR‘L)

00025 + wasFIN

00026 C .

40027 . SUM = ¢

D00.8 s DO {1=101MAX)

00029 e Vo= (28] - IMAX - 1,010/ 1MAX
00930 » o U= VB3 - ysy) /2

053 N | 010 8 B

0002 oo Y At Wt Lt

000337 . SUM - SN+ FOX)RUR

09534 oW FIN

906G 35 . BUM = SUM O IMAXAQL-1)

WG036 . [MAx = 2XTHMAX

WhkY DL = SUMSIMAY

DDDR} I .

LITIRY S . =1,

BEODT D! SRS SN PO

0041 e G0k = (FOURCMIBQTRETY - QX)) /Z7(FOQURIM) -~ 1)
'(‘)ﬁr]‘:: . (..f‘IN

RICER IS .

ULDLIY D { R SN (A P

JUU4% .« HOMERG < (R - 4)ARLD)

DRUET. S N

VO W o BOOON-Leby ORRY = (A0 - QK IR(E -~ A)
79948 C v v FRINTX®s ROMBRGY (DTN K=1sl)
0049 € e

G50 o . OB : GBS QG -~ QCLIIE(R - A))
U . IF (OD0,LE.QE, RETURN

TUUNN v eaaFIN

[YOTIE SN .

0G94 vo o FIN

DI TIA RETURN




00056

000587
00056
00059
Q0040
00061
00062
00063
00064
00065
000464
00067
00068
00069
00070
00071
00072
00073
00074
00075
0007¢
007!
0G07¢e
0007¢
QQ00Ey
DDT-AY
008!
NGO -
30084
00085
00086
00087
9008¢
00087
00090
Q0091
000v2
00093
9004
00070
0009¢
06
02,85
f005
0610
601

7010,
00103
00104

00104
00106

END

(FLECS VERSION 22.51)

- e = e e e e = = = - -

C
C
C s THIS FUNCTION DOES ROMBERG QUADRATURE ON THE FUNCTION F
C FROM THE LOWEK LIMIT A TO THE UPPERK LIMIT By AND TO THE
C 3 REQUESTED ACCURACY OE.
¢
FUNCTION ROMBER(A» By F» OE)
IMFLICIT DOUBLE FRECISION(A-HsF-Z)
C DIMENSION 0D¢20)

INTEGER FOUR(21), O
UIMENSION Q200 @QOC2)
EQUIVALENCE (00(2)»0(1))

UATA 0/0/» LMAX/1/y FOURCL)/Z4/

Q€0) = (F(A) + F(B/2
H=8-A
Inax = 1

B (L=1+20)

> IF (L,GE.LMAX)

o v LMAX = L ¢ 1

« + FOUR(L$1) = A3FQURCL)
o eeobIN

¢ M= YO

suM - 0

DO (I=1»IMAX) SUM = SUM & F(A + HE(2%1 - §))
. SUM = SUM + 1MAXRQ.L-1)
. Infx = 2KIMAX

QL) = SuM/IMAX

(9

potM=1,L"
e o N=L - H
e« B(N) = (FOUKCM)SQ(K+1) - Q(K))/(FOUR(M) - 1)
. 'l.FIN

ROMBER = (B -~ A)XQ(0D)

C DO h=iel ODERN) = (Q0) - QUK)IX(B - A)
‘ « FRINT®, ROMBERy» (OD(N}s K=1sl)

. 00A@ = DABSC(QR(O) - QCINIK(R - A))
« IF (30Q.LE.OE) RETURN

e FIN

RETURN

END

(FLECS VERSION 22.51)
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00107 FUNCTION SIN(X)

00108 INPLICIT DOUBLE PRECISION(A-H/P-2)
00109 SIN = DSIN(X)

00110 C PRINTS, * X =%+ X * SIN(X; ="+ SIN
00111 RETURN

00112 END

(FLECS VERSION 22.51)

......................................... {
00113 C
00114 FUNCTION TAN(X)
00115 IMFLICIT DOUBLE PRECISIONCA-H.F-2)
00115 TAN = USIN<X}/DCOS(X) ;
00117 C FRINTS, * 0 =%, X, * T&N(2) =%, TAN
00118 RETURN 1
00119 END

(FLECS VERSION 22.51)

00120 C

00121 FUNCTION ASIN( L

00122 INFLICTT DOUBLE FRECISION(A-HeF-2)
00123 ASIN = DATAN(X/DSQERT(1-x3X))

00124 C FRINTS, * X =%y 4y * ASIN(X? =*, ASIN
00129 Rt TURN

00126 END

(FLECS VERCSION 22.412

I T e L T

00127 C

00128 FUNCTION ACOS¢X)

00129 IMPLICIT DOUBLE FRECISION(A-HeF-7)

00130 ACOS - DATANCDSART (1-XXX)/X)

00131 ¢ FRINT®, * X ="y Xy * ACQS{X) ='» ACOS |
00132 RETURN ‘
00133 END

(FLECS VERSION 22,517

00134 C

00135 FUNCTION EXFOX)

00136 IMFLICIT DOUBLE FRECISION(A-HsF-2)
00137 EXF = DEXFOX)

00138 C FRINTR, * X ='¢ £ * EXF(X) =%y EXP
00139 RETURN

00140 END

(FLECS VERSION 22,519

00141 C
00142 FUNCTIDN SQRT(X)




e

00143 ImFLICTY DOUBLE FRECISION(A-HIF-1)
00144 SOR! = DSORT( L)

00t4s ¢ FRINT®s * X =°¢ Xo * SORTVx. <%, SOKT
00146 Kt TUKN

J014’ END

FLECS VERSION 22,910

wole8 [

QU149 FUNCTION ATANX

VI B1) IMFUICTY DOUBLE FRECISIONGA mHeF-2)
ool STAN - [ATan 3

00152 ¢ FRINTEY * X %y e * ATANUL) =%y WTAN
00153 Kt TURN

00194 [0

JFLECS VERSTON 22,40

00135 ¢

00156 FUNCTION ALDG - o

60157 IRFLICTT DOUBLe FRECISTUNCA-HoF -2
GO SISV HOG-«

00199 R INTE. 1 it we fALILVL 2t ALOG
30160 BETURN

ulist BN,

L SRR SR (VT B

Jule. v
INIER. T TN Ll
00led Ime DT {0 CRLE EREC I IONGA-HeF -2)
00165 L0s Lene
00166 . PRINTE. 0ty a. tfpPSoa oty 4DS
N4, IR
N T - Al
O S R R ¢ TR
CoLeT i
o170 FUNCTION BT TRE TS
tal IRb V0T i uBLE RO T N CASHAE )
D IR CIMMON N AR
IV IO N TS N (RS IO 21 S Y
Gul/a Lot (GO CNRTHE TR
00175 FUOST « TLOSCANE OSTYRCOSNT
00176 RETut N
00177 END
CUUECS VERSION 72091
Qut7s ©

B-18




"~ FUNLTION PSINT I THETAS
RIS [AFL LT DOUBLE PRECISION(A-HIP-T)
(ol _UMMON N, AR
18, Lusl DCOSTHE TR
i “gsal - [COSINS"TRETA:
tod FoINT - COSNT
189 Iv -LOST.EG.u RETURN

138 b9 Tnl - DSINUARSCOST /AR BCCOSNT/ZCOST)
Y] e TR
1149 E NG

CoELs CERYIOM N1

Jidy L
LY L
Wiy e ENLTIIUIN VUL e ke A N
sl IMFICIT DuLbis PRRELIGIUN XTI 228!
ISR LimeNsluN A °
Julvae 13 3P we ot
o LY DU St bese shoh o PROLAT v A )
BN [T Rt
»ls Rt ORN
e N
st bR CR.
“ )
! s L INE St PR R I SV =TI A
Mok Tt el rRELLRLON A e -
N TS S S e R R T Ce 28
] 4
. ol
i
Wi st [ B | S N
SR ST )
o LorRINT 8 "
RS s
KSR N |
[XIO N -
(R . ST N .
DI Ve AUEREEEE I B A
DUNSEH W im
[EIVIRR A BN TR R .«
Moo te AR
TR T

CFLECT Vs iy L

wolig .

a9 SURRGUTINE Tl U 0
oot PIMENZ{ON §0 Jhe
522 INTELRR O

00220 TATA O 0

on22s8 &

Q0224 Fet{is (3 1
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LA T [N Y ]
Vsl LY P 1))
[V . toos 0y r %
L . NS W O !
] [ St
RN L ek ML ey bl JLUKe ) = 0
L A S AL Loty )y - ICK-20 )
R . B I T
.4 . Lot IR
Ui N
i ~ Womg
§ t it
3 v te . SRY
Lo b
R TN Y R AT
R Teb Y LubkiE RECTCIONGA-HLE D
nodl v A TE RN TAN
[ MMM M
Y C s T T A
ALY PN Wt nsTHE T
L LN HERIN S
[ Y 1 aToelioeo o RETURN
a PIaNg TANARE U1, AP 8 EDGNT TS
AN br TR
LA i
00 ST S OFL I
P
TR Pk Tl s A TaNTOTMETR)Y
SRR TARCSOTT DBk PRETISTION A-HeF-2)
RN [N Ny b
it (] D THb A
LN L G- NETHE 70
B E FataN? LLisNT
2050 JEoRgetLeQLo b TURY
CATANT Latandr 80057 42 ¥ {DSNT/C0ST
aUHn SRE
T I

FLE S CRERSIIN 2N

Myl
0hl62 FUNCTIUN FASINTOIMETAY
00263 M ICTY DOURLE PRECISIONCA-H F-73

00244 EXTERNAL ASIN

00265 COMMON N» Ak

00256 FOST - DEAS(THETA
00047 COSNT = DCOSINSTHETA)
30268 FASINT - COSWY

N4 [f  «COST.EQ.v) RETURN

6H270 FASINT - CASIN(ANSCOST) /AR TR CCOSNT/ZCOST)
R-20
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00271 RETURN
00272 END

(FLECS VERSION 22.51)

00273 C

00274 FUNCTION FACOST(THETA)

00275 IMPLICIT DOUBLE PRECISION(A-HiP-2)
00276 EXTERNAL ACOS

00277 COMMON N» AK

00278 COST = DCOS(THETA)

00279 COSNT = DCOS(NSTHETA)

00280 FACOST = ACOS(AK$COST)&COSNT

00281 RETURN

00282 END

(FLECS VERSION 22.51)

00283 C

00284 FUNCTION RASIN(X)

00285 IMPLICIT DOUBLE PRECISION(A-HsP-Z)
00286 EXTERNAL ASIN

00287 RASIN = 1/ASIN(X)

00288 C PRINTEy * X =*» X» ° RASIN(X) =", RASIN
00289 RETURN

00290 END

(FLECS VERSION 22.51)

00291 C

00292 FUNCTION FRASINT(THETA)

00293 IMPLICIT DOUBLE PRECISION(A-HsP-Z)
00294 EXTERNAL RASIN

00293 COMMON Ny AK

00296 COST = DCOS(THETA)

00297 COSNT = DCOS(NSTHETA)

00298 FRASINT = COSNT

00299 IF (COST.EQ.0) RETURN

00300 FRASINT = COSTERASIN(AKXCOST)SAKECOSNT
00301 RETURN

00302 END

(FLECS VERSION 22.351)

00303 C

00304 FUNCTION FALNT(THETA)

00305 INPLICIT DOUBLE PRECISION(A-HyP~Z)
00306 EXTERNAL ALN

00307 COMMON N» AK

00308 COST = DCOS(THETA)

00309 COSNT = DCOS(NXTHETA)

00310 FALNT = COSNT

00311 If  (COST.EQ.0) RETURN

B-21




00312 FALNT = (ALNCAXECOST)/AK)®(COSNT/COST)
00313 RETURN
00314 END

(FLECS VERSION 22.51)

- e . - " -

00315 C

00316 FUNCTION ALN(I)

00317 IMPLICIT DOUBLE PRECISION(A-HrF-2)
00318 ALN = DLOG((Z + 1)/(1 ~ 23)/2

00319 € FRINTXy * I =%y Zy» * ALN(Z} ="y ALN
00320 RETURN

00321 END

(FLECS VERSLUN 22.51)

00322 C

00323 FUNCTION FLOG! ¢ 1HLETH)Y

00324 IMFLICIT DOUELE FRECISION (A-HeF-2)

00325 COMMON N» 4Ky Iy AL

0032¢ COST = DCOS(THETA?

00327 COSNY = DODS(NXTHETAS

00378 FLOGT = DLOG((AN + AL + tAK - AL)XCOST),27&%COSNT
00329 FFETURN

00331 ENI:

(FLECS VERSION 22,51)

00331 C

00332 FUNCTION FSQRTT(THETA)

00332 IMFLICIT DOUELE FRECTSIDN (A-H.P-Z)

00334 COMMON By aky [y AL

00337 LOST = DENHOTHETAY

00334 CORNM - Qi el THETA)

00337 FSORTT = USORTC(LAR + o b (AK - ALTKCOST)/2)XCOSNT
00338 RETURN

00339 END

FEECS YERSION 220510

00346 U

0074} FUNCTIGN FEXFTOIHETA)

TR EMFLICET pUUBRLE PRECISION (A-HeP-2)

00345 COMMON M+ Abe J» Al

00344 COST = DCOS: THE (4

00345 COSNT = NCOS(NKTHETA

H034¢ FEXFT = DEXF({AK + AL 1 (AK - AL)XCOST)/2)¥COSNT
00347 RETURN

00348 END

FLECS VERSION 22,51)
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00349 C
00350
00351
00352
00333
00354
00335
00356
00357
00358

FUNCTION FAASNT(THETA)

IMPLICIT DOUBLE FRECISION(A-H.P-2)

EXTERNAL ASIN

COMMON N» AKy s AL

COST = DCOS(THETA)

COSNT = DCOS'NSTHETA?

FAASNT = ASINC(AF + AL + (AN - ALIRCOST)/2)SCOSNT
RETURN

END

(FLECS VERSION 22.51)

00359 C
00260
00361
00362
00343
00364 C
00365
0036¢

FUNCTION EX1X(X)

IMFLICIT DOUBLE FRECISION (A-HeP-2)
EX1X =1

IF (X.NE.O) EXiX = (DEXF(X) - 1)/X
FRINTXs ° X ="s Xy * EXIX(X} ="» EX1X
RETURN

ENL

(FLECS VERSION .91,

00367 €
00368
00349
00370
00371
00372
00373
00374
00375

FUNCTION FEXLIXT- THETA)

IMFLICIT DJUBLE PRECISION (A-HeP-Z)

COMMON Ny ANy 1» AL

CUST = DCOS<THETA)

COSNT = DCOSINXTHETA)

FEXIXT = EXIX((AK + AL + (AR - ALISCOST)/2)SCOSNT
RETURN

END

{FLECS VERSION 22.51)

00376 C
00377
00378 C
00379
00380 C
00381
00382
00383 C
00384
00385 C
00386
00387

FUNCTION SQAC(Y)

NOTE . . THIS FUNCTION COMFUTES 1/2 OF ACOS(1-Y)#%2/Y
IMPLICIT DOUBLE PRECISIONCA-HsP-Z)

EXTERNAL ACOS

S@aC = t

IF (Y.EQ.D) RETURN

SQAC = ACOS(L - Y kx2/(2%Y)

SQAC = DATANC(DSQRT(YX(2 - Y))/(1 = Y))8%2/(28%Y)
FRINTXs °Y = *, Yy * SOQAC(Y) = *» SQAC

RETURN

END

(FLECS VERSION 22.51)

00388 €

—

—




R

003189 FUNCTION FSQACT(THETA)

00390 IWPLICIT DOUBLE PRECISION(A-HeF-2)

00391 COMMON Ne AKy» I, AL

00392 COST = DCOS(THETA)

00393 COSNT = DCOS(NSTHETA)

00394 FSQACT = SOAC((AK + AL + (AN - AL)SCOST)/2)8COSNT
00395 RETURN

00394 END

(FLECS VERSION 22.51) 1

e - = ——— i _——— = -————— -

00397 C .
00398 FUNCTION SINH(X) {
00399 IMFLICIT DOUBLE FRECISION(A-HeF-2) 1
00400 E = DEXPOO

00401 SINH = (E - 1/E)/2

00402 C FRINTEy ® X = *s Xs * SINH(X) = *y SINH

00403 RETURN

00404 END

(FLECS VERSION 22.51)

00405 €

00406 FUNCTION COSH(X:

00407 IMPLICIT DOUBLE FRECISION(A-HsP-2)

00408 £ = BEXPiX) {
00409 COSH = (€ + 1/E),2

00410 « PRINTEs * X = *» Xo * (OSHX) = *y COSH

00411 RETYURN

00417 ENL

(FLECS VERSION 22.491)

00413 C

00414 FUNCTION FSINHT.THETA;

00415 IMPLICIT DOURLE FRECISION(A-HiF-2)

00416 EXTERNAL SINH

00417 COMMON N» AK

00418 C0s1 = DCOSITHETA) r
00419 COSNT = DCIS(NATHETA?

00420 FSINHT = LOSNT

00421 IF (COST.FQ.0) KETURN

00422 FSINHT = (SINH(AKELOST). AK) A(COSNT/COST)
00423 RETURN

00424 END

(FLECS VERSION 22.51

00425 C

00426 FUNCTION FrOSHT (THETA)

00427 IMPLICIT TOUBLE PRECISTONCA-HoF-2)
00428 EXTERNAL COSH

00429 COMPON Ny A B-24




00430
00431
00432
00433
00434

00435
00436
00437
00428
00439
00440
00441
00442
00443
00144

€0ST = DCOS(THETA)

COSNT = DCOS(NSTHETA)

FCOSHT = COSH(AKSCOST)XCOSNT
RETURN

END

(FLECS VERSION 22.51)

o e e - -

FUNCTION ASINH(OX)

IMFLICIT DOUBLE PRECISION(A-HsF-2)
EXTERNAL AT#ANA

ASINH = $.000

IF (X EG. 0) FETURN

ASINH = ATANHIX/DSARTIL ¢ XXX

PRINTEs * X =% X» * ASINH(X) ="y ASINH
RETURN

END

{FLECS VERSION 22.31)

e e e e o e e = o

00445 C
0448 FUNCTION FAGIMHVCTRETAY
00447 IMPLICIT DOURLY FRECISIONCA Hy™-2)
00448 EXTERNAL ASINH
QU449 CUOMMON Ny AR
00450 COST = fICOSCTHETA}
00451 COSNT = DCOSHRTHET NG
00452 FASINHT = CO&nT
00452 IF COST.El ., RETURH
00454 FASIMHT = (ASYar whaUOST PAK VL0506 - 208T)
00455 RZTURN
00456 EML

(FLECS VERGION 22.51)
465457 €
0453 FUNCTI0N ACOSH 2
voAsY IMFLT. 7 DOURLE CRECISION(S-HeR-L;
Q3140 EXTLENAL ATANH
J0441 ADOSH = ATANR{DSARTOCKE-~1; 740
03442 C FRINTRy * % ="y .y " ACUIHOY)Y =%y ADOSH
00343 RETURN
(00454 END

WFLEDS VMERSIUN 22451
00455 C
MOda s FUNCTUN L ACOSHTOTHE T
G048/ CMPUGLIT DHLE PR G & P2
00468 EATERNAL At
0044~ Camn 1y f
Q04 2 COST - Mt CrE g

B-25
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jua
10477
00473
00374

w0475 L

00476
40477
00478
20479
00480
09481
20482
00483

00484
00485
00484
00487
00488
00489
00490
00491
00492
00493
00494
00495

00494
00497
00498
00499
00500
00501
00502

00503
00504
00505
00506
00507
00508
00509
00510
00511

COSNT = DCuZ(NRTHETA)
FACOSHT - = ACOSHOARXLOST ) XKCOSNT
RETURN

END

(FLECS VERSION 20.591)

FUNCTION ATANRCY)

INFLICIT DOUBLE PRECIS (UN(AR-HsP-Z)
aTANH = 0,000

IF +X ,EQ. 0} RETURN

ATANH - DLOGY 34X/ (1-X11/2

C FRINTXy * X :*» Xy * ATANH(X) =°» ATANH
RETURN

END

‘FLECS WEASION 22.51)

FUNCTION FATANHT(THETA)

IMPLICIT DDURLE FRECISIONCA-HsF-1)
EXTERNAL ATANH

COMMON N» AK

COST = DCOS(THETA)

COSNT = DCOS(NXTHETA)

FATANHT = COSNT

[F (COST.EQ.0) RETURN

FATANHT = (ATANH{AKKXCOST)/AK)X{COSNT/COST)
RETURN

END

(FLECS VERSION 22.51)

FUNCTION TANH(X)
IMPLICIT DOUBLE FRECISION(A-H/F-2)
TANH = DTANH(X)

C PRINTXy * X ="y Xy * TANH(X) =*s TANH
RETURN
END

(FLECS VERSION 22.31)

FUNCTION FTANHT(THETA)

IMPLICIT DOUBLE PRECISION(A-HsP-2)
EXTERNAL TANH

COMMON N» AK

COST = DCOSC(THETA)

COSNT = DCOS(NXTHETA)

FTANHT = COSNT

IF  (COST.EQ.0) RETURN

iaa®at,




00512
00513
00514

Eol.
/

FTANHT = (TANH(AKKCOST)/AK)*(COSNT/COST)
RETURN

END

(FLECS VERSION 22,51)

0 FILES,» 1 RECS. 2321 WORDS.
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COPYsCOMFIL

99998

99997

99994

79995
99999

99998

99vY/

FUNCTION ROMBRG(A» Bs F» OE)
IMPLICIT DOUBLE PRECISIONC(A-H,P-7)
INTEGER FOUR(21)» O

DIMENSION Q€20)» QO(2)

EQUIVALENCE (R0(2),8(1 1))

DATA 0/0/» LMAX/1/y FOURC1)/4/

Qo) =0
H= (B - A2
IMAX = 1

OO 99999 L=1,20
IFC.NOT.(L.GE.LMAX)) GO TO 99998
LMAX = L + 1
FOUR(L$1) = 4XFOUR(L)
SUM = 0
DD 99997 I=1.IMAX
(2X1 - IMAX - 1.0D0)/IMAX
Uk(3 - Uxy}/2
= 1,500%(1 - Yxy)
X =4a+ (U + 1)%H
SUM = SUM + F{X)XUF
CONTINUE
SUM = SUM + IMAXXG(L-1)
IMAL = 2% IMAX
QL7 SUM/ IMAY
DO 799946 M=1,L
h=L -f
QK> = (FOUR(MIRQ(K+1) - RIKD/Z{(FOUR(M) - 1}
CONTINUE
IFCLNOT,(L.GT,1)) GO TO 99993
ROMBRG = (B -~ A)XXQN)
OB - DARSLLQA0Y -~ QOLIIRE - a))
{F (0DQ,LE.OE! RETURN
UONTINUE
CONTINUE
RETURN
ENI
FUNCTION ROMEER:As Ee Fy OF)
IMFLICTT DOUBLE PRECISION(A-HeF-Z)
INTEGER FOUR(IL)y O
DIMENSION Q{201 QO(2)
FQUIVALENCE (GOG2) Q010 )
BATA 076G/ IMAX/17y FOURCLY 4
DAY = (F{AY + F(EY)Y /2
H = KB~ A
Imax = 1
M) 9999¢ L=i."0
TFCNQT, (L,GE,L MAX)) GO TO 99998
LMAL = L+ 1
FOURK‘L+13 = $XFOUR(L)
H = H/U
S0
DU 99997 1=11IMAX
SUM = SUM + F(A + HEK(2XT - 1))
CUNTINUE
SUM = SUM 4+ IMaXkGil-1)
IMAX = 2XIMAY
(LY = SUM/IMAX
[0 99996 M=1.L
K=L-n
AKY = (FOUR(MYRQ(K+L) -~ Q(K))/(F%P%ﬁ;) - 1)

v
u
UF

how

00008
00009
00011
00012
00013
00015
00017
00018
00019
00021
00022
00023
00024
00027
00028
00029
00030
00031
00032
00033
00034
00035
00636
00037
00039
60040
00041
00042
00044
00045
$60050
00051
00054
00054
00055
00056
00063
00044
00066
00047
00048
00070
00072
00073
00074
0007¢
00077
00078
00079
00082
00083
00084
00084
00084
00085
00084
00087
00089
00090
00091




99996 CONTINUE 00092
ROMBEK = (B - A)XQ(D) 00094 |
0D = DAES((Q(0) - Q(1))%(E - A)) 00099
IF (QDQ.LE.OE) RETURN 00100 '

99999 CONTINUE 00102
RETURN 00103
END 00104
FUNCTION SIN(X) 00107
IMFLICIT DOUBLE FRECISION(A-H+P-2) 00108
SIN = DSIN(X) 06109
RETURN 00111
END : 00112
FUNCTION TAN(X) 00114
INFLICIT DOUBLE FRECISION(A-HyP-2) 00115
TAN = DSIN(X)/DCOS(X) 00116 )
RETURN 00118 1
END 00119
FUNCTION ASINCX) 00121
IMFLICIT DOUBLE FRECISION(A-HsP-2) 00122

ASIN = DATAN(X/DSART(1-XKX)) 00123
RETURN 00125
END 00126
FUNCTION ACOS(X) 00128
IMNFLICIT DOUBLE FRECISION(A-HsF-2) 00129
ACOS = DATAN(DSORT (1-X4X)/X) 00130
RETURN 00132
END 00113
FUNCTION EXF(X) 00135
IMNPLICIT DOUBLE FRECISION(A-HsP-2) 00136 4
EXF = DEXP(X) 00127
RETURN 00139
ENI! 00140
FUNCTION SORT(X) 00147
IMFLICIT DOUBLE FRECISION(A-HsP-2) 00143
SORT = DSART(X) 00144
RETURN 00146
ENED 00147
FUNCTION ATAN(X) 60149
IMFLICIT DOUBLE PRECISION(A-HsF-2) 00150
ATAN = DATAN(X) 00151
RETURN 00153
END 00154
FUNCTION ALOG(X) 00154
INFLICIT DOUELE PRECISION(A-HyP-2) 00157
ALOG = DLOG(X) 00153
RETURN 00140
END 001561
FUNCTION COS(X) 060163
IMPLICIT DOUBLE FRECISION(A-HsP-2) 00164
COS = DCOS(X) 00165
RETURN 00167
END 00168
FUNCTION FCOST(THETA) 00170
IMFLICIT DOUBLE FRECISION (A-HsP-2) 00171
COMMON N» AK 00172
COST = DCOS(THETA) 00173
COSNT = DCOS(NXTHETA) 00174
FCOST = DCOS(AKXCOST)KCOSNT 00175
RETURN _ 00176
END 00177

FUNCTION FSINT(THETA) 00179

B~29




99999

99997

79996
7997
99998
99999

IMPLICIT DOURLE PRECISION(A-HsF-~2)
COMMON Ns» AK

COST = DCOS(THETA)

COSNT = DICOS(NXTHETA)

FSINT = COSNT

IF  <COST.EQR.0) RETURN

FSINT = (DSIN(CAKXCOST)/AN)X(COSNT/COST)
RETURN

END

FUNCTION FOLY(X» Ay N)

IMFLICIT DOUBLE FRECISION (A-HyF-2)
DIMENSION (2%

FROD = &UN)

[0 99999 J=1,N

PROD = PRODXX + AIN-J)

CONTINUE

FOLY = FROD

RETURN

ENI

SUBROUTINE ACOEF(Ay Ey ICy ARy N)
IMFLICIT DOURLE FRECIZIONCA-HsF~7)
DIMENSION BC20iy A5 s 102G 25
00 Y999Y J=1+N

UM = v

00 99993 h=JsN

SUM =308 + BKIKICIK. 1)

; CUNTINUE

ALY = SUM/ARRYY

CUNY INUE

do

N= 0

SUM = BINITKICINY 1}

Do 95227 holeN

Wi = aum 4 RBuboxICORe )

ENNT THLE

Aidr = SUM

RETURN

END

SUBRDUTINE YOH I, o

DTMENSION ICi2Sy (5

INVEGERN U

0ATa Qs 0y

Tcige 0 = ]

ICC-1v 3 = 0

WO 999%% hzl«N

Teihe Uy = =ICek-2y Q)

Tk =2 b)Y = 0

1Cet-1y 1) = 1

DO 29995 J=1.\

SFCpOT MG JER e 20 EQ 1 6 TD 2999

TLite 1Y = 4

G {0 wyow?

ICe(Ky J) =

TONTINUE

CONT INUE

ONYINUE

RETURN

END

FUNCTION FTANT-THETAY

WIMFLICLT LOU LE PRECISIONCA-H F=-2)
(THRNAL B-30

2 EME RS EERNES DI MY I

00180
00181
00182
00183
00184
00185
00184
00187
00183
00191
06192
060193
00174
00179
02179
00199
00158
05197
00196
Qulay
(VYLD
Qulel
VORDY




COMMON thy AR 00242
Phsi = s clREYAY 00243
LLSNE : BCUSONKTHAETA 00244
FiadNT  LOSK 00245
IF iCOSi . £l.ur KETURN 00244
FiaNT CTANCARRCOST ) /AN 1 ¥ LLOSNT/COST) 00247
FETURN 00248
LN 00249
FUNE CIOM FATANT CTHETAD 00251
IMFLTIOET DYELE FRECISIONGA-HYF-1) 00252
Cmin Ny AK 00253
CNRT RS THETAS 00254
IRt - LS (NETHE TR 00255
FRIANT = LIJSNT 00256
IF o ODETEQL G FETURN 00257
FaTant = DAY ANCANRCUST  AKYX(COSNT /COST) 00258
Rt TURN 00259
END 00260
FUNCTION FASINY(THETA) 00262
IMFLIVEE DOURLE PRECLSIONC(A-HeF-2) 00263
EXTERMAL ASIN 00264
LUMBUN My AN 00265
COST = DCOS(THETA} 00266
COSNT = DCOS(NXTHETA) : 00247
FASINT = COSNT 00268
IF ¢« QST.EQ.03 RETURN 00249
FASTNT = (ASINCANECOST) /AR )K(COSNT/COST) 00270
RETURN 00271
Enlt 00272
FUNCTION FACOST(THETA) 00274
IMFLICIT DOURLE FRECISION(A-HeF-2) 00275
EXTERNAL ACOS 00276
COMMON Ne AR 00277
COST = DCOS(THETA) 00279
COSNT = DCOS(NXTHETA) 00279
FACOST = ACOS(AKXKCDST)IXRCOSNT 00280
RETURN 00281
END 00282
FUNCTION RASIN(X} 00284
IMFLICIT DOUERLE FRECISION(A-HsF-2) 00283
EXTERNAL ASIN 00286
RASIN = 1/ASIN(X) 00287 ‘{
RETURN 00289 i
END 00290 :
FUNCTION FRASINT(THETA) 00292
IMPLICIT DOURLE FRECISION(A-HsP-2) 00293
EXTERNAL RASIN 00294
COMMON N» AK 00295
COST = DCOS(THETA) 00296
COSNT = DCOS(NXTHETA) 00297
FRASINT = COSNT 00298
IF (COST.EQ.0) RETURN 00299
FRASINT = COSTXRASIN(AKXCOST)XAKXCOSNT 00300
RETURN 00301
END 00302
FUNCTION FALNT(THETA) 00304
IMFLICIT DOUBLE FRECISION(A~H»F-2) 00305
EXTERNAL ALN ' 00306
COMMON N» AK 00307
COST = DCOS(THETA) 00308
COSNT = DCOS(NXTHETA) B-31 00309




FALNT = COSNT

IF (COST.EQ.0) RETURN

FALNT = (ALN(AKXCOST)/AK)X(LOSNT/COST)
RETURN

END

FUNCTION ALN(Z)

IMFLICIT [OOURLE PRECISION(A-H,F-4)
ALN = DLOG((Z + 13/¢1 - Z))/2

RETURN

END

FUNCTION FLOGT(THETA)

IMPLICIT DNOUBLE FRECISION (A-HsF-2)
COMMON Ny AKy Iy AL

COST = RCOS(THETA)

COSNT = DCOS(NXTHETA)

FLOGT = DLOG((AK + AL + (AK - AL)XCOST)/2)XCOSNT
RETURN

END

FUNCTION FSQRTT(THETA)

IMFLICIT DOURLE FRECISION (A-MsF-2)
COMMON Ny AKy Is AL

COST = DNCOS(THETA)

COSNT = DCOSCNXTHETA)

FSARTT = DSQRT((AN + AL + (AK - AL)XCOST)/2)XCOSNT
RETURN

END

FUNCTION FEXFT(THETA}

IMFLICTT DOUBLE FRECISION (A-HsF-2)
COMMON Ny ANy Iy AL

COST = DCOS(THETA)

COSNT = DCOS{NXTHETA)

FEXFT = DEXF((AK + AL %+ (AK - AL)YXCOST)/2)%XCOSNT
RETURN

END

FUNCTION FAASNT{THETA)

IMPLICIT [OOUBLE FRECISION(A-HsF-2)
EXTERNAL ASIN

COMMON Ny AKy Iy AL

COST = DCOSCTHETA?

COSNT = QICGS (NXTHETA)

FAASNT = ASINC(AK + AL + (AK - AL)YXCOST)/2)XCOSNT
RETURN

ENT

FUNCTION EX1X(X)

IWFLICIT DOUELE FRECISION (A-HeF-2)
EXiL = 1

IF (X,NE, Q) EXIX = (DEXF(X) - 1)/X
RETURN

END

FUNCTION FEX1XT(THETA)

IMFLICIV DOUELE FPRECISION (A-HsF-1)
COMMON N» ARy Iy AL

COST = DCOS(THETA)

COSNT = DCOS(NXTHETA)

FEXLXT = EX1X((AK + AL + (AK - AL)XCOST)/2)%XCOSNT
FETURN

END

FUNCTION SQaC(Y)

IMFLICIT DOURLE FRECISIONCA-HsF-2)
50aC = 1

IF {7,EQ.0) RETURN B-32

00310
00311
00312
00313
00314
00316
00317
00318
00320
00321
00323
00324
00325
00326
00327
00328
00329
00330
00332
00333
00334
00335
00336
00337
00338
00339
00341
00342
00343
00344
00345
003446
00347
00348
00350
00351
00352
00353
00334
00355
00356
00357
00358
00340
00341
00342
00363
00345
00366
00348
00369
00370
00371
00372
00373
00374
00375
00377
00379
00381
00382



SQAC = DATANC(DISART(YX(2 - Y))/(1 ~ Y))XK2/(2xY) 00384
RETURN 003864
END 00387
FUNCTION FSQACT(THETA) ¢0389
IMPLITIT DOURLE PRECISION(A-HsF-2) 0390
COMMON Ny ANy Iy AL 06391
COST = DCOS(THETA? 00392
COSNT = DUOS¢NXTHETA) 06393
FSQACT = SQACC(AR + AL + (AN - ALYXCOST)/2)XCOSNT 00394
RETURN 00395
END 00394
FUNCTION SINH(X) 06G¢358
IMFLICIT DOUBLE FRECISION(A-HeF-2) (0309
£ = DEXF(X) 05400
SINH = «E - 1/E/C 004701 <
RETURN 05301 )
END 00404 ;
FUNCTION COSH: x> PUT-DRY
IMFLICIT DOUBLE FRECISIONCA-HsF-2) 00407
E = DEXP(X) - o408
COSH = (£ + €040 0640¢
RETURN 0411
ENLt UG412
FUNCTION FSINHTC(THETA) 00414
IMFLICIT DCUBLE FRECISTIONCA-HeF-2) 00415
EXTERNAL = INH USRS
COMMON ~e AN VINE
COST = DCOS THE &Y G415
COSNT = LCOS(M¥THETA) 0541
FSINHT = COSMI 00420
I[F (COST.EQ.O) RETURN 00421
FaINHT = (SINH(ARXCUST) /AR ) X (LOSNT/LO5T) O54C%
RETURN ¢oa23
ENU Guala
FUNCTION FCOSHT(THETA) DT
IMPLICIT DOQUELE FRECISION(A-HyF-2) 00427
EXTERNAL COSH 040§
COMMON My AR COdCy
COST = NCOS{THETA? 00430
COSNT = BCOS(NXTHETA) (0431
FCOSHT = COSH{ANXCOST)#COSNT 00432
RETURN 00433
END 00434
FUNCTION ASINHuX) 00434
IMFEICTT DOUBLE FRECISTONCA-HIF-Z) (gAT”
EXTERNAL ATANH 05438
ASINH = 0.000 00439
IF (X .EQ, O RETURNM 00440
ASINH = ATANH(X/DSQRT(1 + XXxX3) 00441
RETURN 0044
END 00444
FUNCTION FASINHT{THETA) 00444
IMFLICIT DOURLE FRECISION(CA-HsF-Z) 06447
EXTERNAL ASINH 00448
COMMON Ny AK 00449
£OST = NCOS(THETA) (0450
COSNT = DCOS(NXTHETA) 00451
FASINHT = COSNT 00452
IF (COST.EQ.0) RETURN 00453
FASINHT = (ASINH(ANXCOST)/AK)YX(COSNT/COST) 00454
RETURN 00455

B-33




tHp 00454
FONCTION ALOSH X 00458
TARL L0 DUELE PRECISIONCA-HF-2) 00459y
taTEKNmL HTANH 00460
ACOSH - aTANH DEARTOEX-3) /X0 00461
FETURN 00463
(U 004464
PO TION FACOSHICTHETA)D 004324
cmby U pere s FRECISIONGA=HeE -2 004s”
b ERNAL ALK nydel
VoMMt e i 00449
Y VOl HETAY +0470
SoTae e N THE DA 00471
ol He o At OsSH AR RCOST e COEMT RISE N
RO R DA
bl 004,49
LTI BTANHO O DT
tapt 110 bR RRECTSIONGA-HF-2) ¢Qa/7
Alapr - 0 0 00478
T g, D RETTEN GGO&T9
MR PLOGey e Ly . 00439
RETHRN 00482
FNL NOAS3
bode (L0 FATANRT ETHETAY (485
ML LCLT GgRes FRECISIONCA-HoF-Z) DIEE T
VERERE G TAnH D037
AMLE N oAb T St

t Woes THET M e Ny

R PNy THET A RRERY
T LT S04
e UYL b RETUSN DRE P
Fae ANkT CATANE . KCDET AN RCCOSNTZCOSTY ICRE R
e b 34-4

T Uod-u
T AR Deds?
Sek kg RRECTSIONCA-HYF-T) TO45R
Ttk RERCTLA 30477
LE LN L0571
ﬁ -y NI ETTON
FrwlTTON + TANKT THETA a0h04
TMEL LD gNMRLY RRED[SIONCGA-HeF- D) Q05065

alben 0 Vi \\'0506
107 TUT I M =1 8 0067
-y U THETA 20508
RL Lo e HE YA 0ASGR
oot U C0510

pe 0Tt FETURN BUKES
radk . TRNHOA RLBET Sk (COSNT/COST? G512

RN g05173
EH{ N0514

Lyl AR S 1 RECA. 1715 WORDS,
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MISSION
of
Rome Avr Development Center

RADC plans and executes neseanch, development, test and
delected acquisition programs in suppont 0§ Command, Contnof
Communications and Intefligence (C31) activities. Technicaf
and engineerning support within areas 0f technical competence
A8 provided to ESD Program Offices (POs) and other ESD
elements. The principal technical mission areas are :
communications, electromagnetic guidance and contnol, sur- 3
veillance of ground and aerospace obfects, intelligence data ¢
collection and handling, {nformation system technology,
Lonosphernic propagation, solid state scdences, microwave
physics and electronic neliability, maintainability and
compatibility.
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